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OUTLINE
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IV.

. Motivation: arithmetic zeta functions, special values, and

their cohomological interpretation.

Lichtenbaum’s Weil-étale program: ideas and known
results.

Constructions and conjectures for n < 0 (my work).

Some new unconditional results: one-dimensional and
cellular schemes.

Some questions for the future.
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PART I.
(MOTIVIC) MOTIVATION



ARITHMETIC SCHEMES AND
THEIR ZETA FUNCTIONS

» Arithmetic scheme X:
separated, of finite type over SpecZ.

» Zeta function:

X ~"na ((X,s) =[] W
xeX

closed

» Convergence for s > dim X.
» Big conjecture: meromorphic continuationto s € C.

» Big conjecture: functional equation
¢(X,s) + ¢(X,dimX —s).
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ARITHMETIC VS.

arithmetic

X

lf.t.

SpecZ

GEOMETRY
geometry
X ~
lf.t. I
Speck
0\
SpecZ

» Both of the worlds: varieties X/F.
» Mixed characteristic: usually harder.
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DEDEKIND ZETA FUNCTION (XIX CENTURY)

» Number field: finite extension F/Q.
» Ring of integers: the “integral model”:

O C F
rk=[F:Q] ‘ ‘
Z C Q

» dim O = 1.
» Dedekind zeta function:

Ce(S) := ¢(Spec O, s)
1

meOr L |OF/m|~*
1
— Z — = (Euler
0¢GQOF ’OF/O‘S

» Primordial example: ¢g(s) = ¢(SpecZ,s) = ¢(s).
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MORE ON NUMBER FIELDS (X = Spec Of)

» Real and complex places. Consider Gal(C/R) ~ X(C):

r1 points 2 ry points

» r1 = |X(R)|and [X(C)| = r1 + 2r,.

» Abelian number fields: F/Q Galois, with Gal(F/Q)
abelian. Usually easier. Reason: Kronecker-Weber and
good understanding of cyclotomic fields.

F/Q abelian < F C Q( )for some N.

» Nonmaximalorders: O C Ors.t. O ®;,Q = F.
Spec O is not regular.

Example: Z[v/5] C Z{”z‘/g] C Q(V5).
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HASSE-WEIL ZETA FUNCTION (XX CENTURY)

» X/Fq variety over finite field.

> Z(X,t) :=exp <Zk21 ‘X(iqk)l tk>.

> ((X,s) =2Z(X,q~°).

» Weil conjectures (1949).
>

>

Dwork: Z(X, t) € Q(t).

Full proofs of Weil conjectures: 60s through mid 70s
(Grothendieck, ..., Deligne)
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SPECIAL VALUES

» Fixn € Z.
» Assume analytic continuation at s = n.
» Vanishing order at s = n:

dp := ords—n ¢(X, s).
» Special value at s = n:

¢*(X.n) = lim(s — n)~ ¢(X,s).

S—
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CLASS NUMBER FORMULA (DIRICHLET)

» Considers =n = 0.
» ords—gCr(s) =ri+r —1=rkOf
(Dirichlet’s unit theorem).

£(0) — _ LPIc(Op)]
> F0) =~ fong. Rr

» Rr — regulator = covolume of a canonical embedding
OF — R1H2=1 (cf. unit theorem).
» Similar for smooth projective curves X/Fg:
ords_o (X, $) = —1 and ¢*(X, 0) = w
q
» Generalizations to others =n € Z?
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ETALE MOTIVIC COHOMOLOGY

v

vVvyYyyvyy

Lichtenbaum, 1984: hypothetical complexes of sheaves
on X4 “responsible” for special values.

Bloch, 1986: cycle complexes / higher Chow groups.
Etale version: complex of sheaves Z(n) on Xg.
Levine, Geisser, ...: works fine for X/ Spec Z.

Few explicit calculations.

Not even finite generation.
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BOREL-MOORE VERSION

» For those working with Z(n)...
» Complex of sheaves Z¢(n) on Xg;:

di .
Za(X, 0) =Z<Z |mn+1X Al cl. integral subsch. >’

proper int. with faces
ZE(n) == U ~ z,(U, —e)[2n].

» Borel-Moore behavior: triangles for Z +» X «= U

RT(Zg,Z°(n)) — RT (Xg, Z°(n)) — RT (Ug, Z°(n)) — [+1].

» For X proper and regular, d = dim X:

H' (Xet, Z°(n)) = H24(Xgt, Z(d — n)).
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COHOMOLOGICAL INTERPRETATION OF
VANISHING ORDERS

» Consider F/Qandn < 0.
» =~ Borel, 1974:

dn = ords_n Ce(s) = rkg H(Spec Of ¢, Z¢(n))

rn+r-—1, I’l:O7
=< +ry, n < 0even,

r, n < 0 odd.
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COHOMOLOGICAL INTERPRETATION OF
SPECIAL VALUES

» Conjecture:

oy H(Xg, Z5(n))|
¢r(n) =+ |H=1(Xst, ZE(N))tors|

RFJ'[.

» Higher regulators: Borel, Beilinson, ...:

Ren = volcoker(H‘l(Xét, Z(n)) — HY(Gr, X(C), R(n))).

rkz=dn dimgr=dn

» Known for abelian F/Q, via TNC
(Benois, Nguyen Quang Do, Huber, Kings, Flach, ...)

» Lichtenbaum, 1973: in terms of K;(Of), for F real (r, = 0),
odd n (hence Rg, = 1).
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CASE OF VARIETIES X/F,

v

Considern < 0.
ords—n ¢(X,s) = 0.
» Assuming the groups H!(Xy, Z¢(n)) are f.g.,

v

¢(X,n) = £ [T IH (Xer 2°(n)) D"

€7

v

Reason: Grothendieck’s trace formula + e.
Case of n > 0: more difficult; Milne (1986), ...

v
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PART II.
WEIL-ETALE COHOMOLOGY



STRUCTURE OF MOTIVIC COHOMOLOGY
FOR X /7 (LICHTENBAUM)

» Conjecture:

f.g., [ < —-2n,

H (X, Z€(n)) = { finite, i=-2n+1,
cofinite type, (> —2n+ 2.

» Cofinite type = Q/Z-dual to f.g.
Manifestation of arithmetic duality
(Artin, Verdier 1964, ...).

> *Ifn < 0, then H{(X, Z(n)) are conjecturally f.g.

> Beilinson-Soulé conjecture: H(Xy, Z°(n)) = O for
i< —2dimX.

> In general, H'(Xg, Z¢(n)) # 0 fori > 0.
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STRUCTURE OF MOTIVIC COHOMOLOGY
FOR X/F, (LICHTENBAUM)

» Conjeturally,

finite, [# —2n, —2n+ 2,
H[(Xéhzc(n)) = fg) l: _2na
cofinite type, (= —-2n+ 2.

> *if n < 0, then H(X,, Z°(n)) are conjecturally finite.
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WEIL-ETALE COHOMOLOGY (LICHTENBAUM)

v

Etale motivic cohomology ~+ Weil-étale cohomology.
Hiy, (X, Z(n)) finitely generated, = 0 for [i| > 0.
Long exact sequence

= Hiy (X, Z(n) @ R =5 HLL(X,Z(n)) 9 R — - -

Hy, (X, Z(n)) “encodes” ords—n ¢(X, s) and ¢*(X, n).
Why “Weil-étale”? A construction for X/Fy:

RT(G.RT (X, ¢, 2°())).

G C Gal(F4/Fq) = Weil group, generated by the Frobenius
(=2ZCZ).
Weil-étale topos?
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SOME RESULTS

> A“result” =
» define Hi, (X, Z(n)), assuming Lichtenbaum’s conjectures
on the structure of H!(Xg, Z°(n)), '
» formulate the conjectural relation of H}, .(X, Z(n)) to
ords—n ¢(X,s) and ¢*(X, n),
» relate to other conjectures, prove some particular cases.
> Lichtenbaum (2005): X/F,.
> Geisser (2004-...): X/Fy, possibly singular (eh-topology).
» Lichtenbaum (2009): X = Spec Of.
» Morin (2014): X/Z proper and regular, n = 0.
» Flach, Morin (2018): ,h € Z.
» B. (2020/21): any arithmetic scheme X/Z, n < 0.
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PART III.

CONSTRUCTIONS AND
CONJECTURES FORN<O0



WEIL-ETALE COMPLEXES

» X — SpecZ separated, of finite type, n < 0.

> Assume a Lichtenbaum-type conjecture L°(Xg, n):
H'(Xgt, Z°(n)) are fintely generated for all i € Z.

» Thereis a complex Rlw(X,Z(n)) € D(Z).
» Perfectness of the complex:

We(X. Z(n)) = H(RT (X, Z(n)))

are finitely generated, = 0 fori ¢ [0,2dim X + 1].
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WEIL-ETALE COMPLEXES (CONT.)

» For X/Fg, there is an isomorphism of finite groups

Hiye(X, Z(n)) = Hom(H*~(Xg, Z°(n)), Q/Z)
=~ He H(Xer, Q/Z'(n)),  Q/Z'(n) =

—_—

Lim 4
ptm
» Splitting with rational / real coefficients:
RHom(RT (Xgt, Z°(n)), R)[-1]
RCw (X, Z(n)) @ R = @
RTc(Gr, X(C), R(n))[1]

> R(n) := (2i)" R, Gr = Gal(C/R).

®n
m -

22/40



PRINCIPAL INGREDIENT

» Arithmetic duality

Hom(H? (X, Z°(n)), Q/Z) = H(Xer, Z' (),

f.g. cofinite type

» Based on work of Geisser (2010).

> Z/(n) = Q/Z/(n)[-1] = @, im jouS[~1],
Jo: X[1/p] = X.

> * ﬁé = modified cohomology with compact support, treats
X(R).

HL(Xg, F*) = H.(Xg, F*)  up to 2-torsion

» Generalization of Artin—Verdier duality for X = Spec Ok.
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REGULATORS

» Assume the fiber X¢ is smooth.
» Construction of Kerr—Lewis—Miller-Stach (2006) —=

Reg: RT (X4, R°(n)) — RHom(RI¢(Gg, X(C), R(n)), R[1]).

> *the target is not Deligne—Beilinson cohomology, but
simply H.(Ggr, X(C),R(n))V, since n < 0.
» Conjecture B(X, n) (Beilinson):

Reg”: Rl ¢(Gg, X(C),R(n))[~1] — RHom(RI (X, Z°(n)), R)

is a quasi-isomorphism.
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VANISHING ORDER CONJECTURE

» VO(X,n): assuming L°(X, n),
ords—n ((X,5) = > (~1)'- i~ rkz Hiyo(X. Z(n)). ()
€7

» Assuming B(X, n),

ords=n (X, s) = Y (—1)' dimg H,(X(C),R(n))®  (**)
€Z
=Y (—1)*rkg H (Xep, Z°(n)). ***)
€Z
» (**) agrees with the (conjectural) functional equation.
For n < 0 zeros and poles come from the I'-factors.
» (***) agrees with a conjecture of Soulé (1984).
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TOY EXAMPLE

» For X = Spec Of consider X(C):

. o)) )

r, points 2 rp points

» Complex RI¢(X(C),R(n)):
R(n)*" @ (R(n) & R(n))",
Gr-action by z — Zresp. (z, w) — (W, 2).
> ords—n (e(s) = dimg HO(X(C),R(n))% =

_ ry+ry, neven,
rkz Hg, (X, 25(n)) :{ ri i n odd.
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DETERMINANTS OF COMPLEXES

» For projective f.g. modules:
detrP:= \*FP
(invertible = projective of rk 1).
» Functor

projective f.g. modules, - invertible modules,
isomorphisms isomorphisms

» Knudsen, Mumford, 1976: extension

perfect complexes, - invertible modules,
quasi-isomorphisms isomorphisms

> detpA® = @, (detr HI(A*)) 1), detp 0 = R.
» Compatible with base change.
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TRIVIALIZATION MORPHISM

» Quasi-isomorphism of complexes, assuming B(X, n):

RIc(Gr, X(C), R(n))[-2]
@ *detp(A® @ A*[1]) = R
RIc(Gr, X(C), R(n))[-1]

glRegV[—l]@"d
RHom(RT (X4, Z°(n)), R)[-1] split
: P ReX,Z() R

RT'¢(Gr, X(C), R(n))[-1]
» Canonical isomorphism of determinants:

AR S detg (RI’WC(X, Z(n))®R) S (detZ RFWC(X,Z(n))>®]R{.
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SPECIAL VALUE CONJECTURE

» Consider

MRS (detZRrWC(X Z(n))) ®

Z- mod ofrk 1

> Assume
> L°(Xg, n): finite generation of H{(X,;, Z¢(n)),
» smooth fiber X,
» B(X,n): regulator conjecture,
» meromorphic continuation around s = n < 0.
» C(X,n): the special value at s = n < O is determined up to
sign by

¢ (X,n)™1) - Z = dety RT (X, Z(n)).

29/40



CASE OF VARIETIES X/F,

» Assuming L°(Xg, n), the conjecture C(X, n) is equivalent to
¢(X,n) = = [T IH (Xer, 25())| "
€Z
» X(C) = 0, there’s no regulator.
> Asingular example: nodal cubic X = P§ /(0 ~ 1).

H ' (Xer, Z°(n)) = Z/(g* " — 1),
HO (Xer, Z°(n)) = Z/(q " — 1).

1
((X;s) = T_gis

» L°(Xg,n) = C(X,n) forany n < 0 and X/Fq.
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COMPATIBILITIES

> Disjoint unions: if X = [[, ;.. X, then

x.9) =[] ¢Xs).

1<i<r

» Accordingly,
VO(X,n) <= VO(X;,n) foralli,
C(X,n) < C(X;,n)foralli.
» Closed-open decompositions: for Z +& X < U,
((X;s) = ((Z,5) - C(U,3).

» Two out of three conjectures VO(X, n), VO(Z, n), VO(U, n)
(resp. C(X,n), C(Z,n), C(U,n)) imply the third.

Affine bundles: ((A},s) = ((X,s —r).

> VO(A},n) <= VO(X,n—r),C(A},n) < C(X,n—r).

v
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PART 1IV.

NEW UNCONDITIONAL
RESULTS



ONE-DIMENSIONAL SCHEMES

» Let B be a 1-dimensional arithmetic scheme.
» We say it’s abelian if for each generic point € B holds

a) chark(n)=p>0,or
b) charx(n) = 0and k(n)/Q is abelian.

» Theorem (B.): VO(B, n) and C(B, n) hold unconditionally
for any n < 0 and abelian 1-dimensional B.

» Proof idea: the cases of B = Spec Or and B/F, are known.
Use compatibilities and proceed by dévissage.
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MOTIVIC COHOMOLOGY

FOR ONE-DIMENSIONAL B
0, [< -1,
fg. ofrkd,  i=-1,
H (B, Z°(n)) == { finite, i=0,1,
(Z)27)3X®) > 2 i n(2),
0, i>2,i=n(2).

» Arithmetically interesting part concentrated in

i=-1,0,+1.

» Finite 2-torsion for i > 2 comes from X(R).
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WEIL-ETALE COHOMOLOGY
FOR ONE-DIMENSIONAL B

> H’WC(B Z(n)) =0fori#1,2,3.

> Hio (B, Z(n) =
H?(GR,B(C) (n)) ® Hom(H* (B¢, Z°(n)), Q/Z)
7,®dn finite

(more or less, up to finite 2-tosion).
> H3,.(B,Z(n)) =
Hom(H 1(By, Z°(n)), Z) & Hom(H°(Bg, Z(n)), Q/Z).
7o T e

> Hp, (B, Z(n)) = Hom(H (B, Z°(n))tors, Q/Z).
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EXPLICIT FORMULA

|[HO(Ber, Z°(n))|
[H=(Bat: Z6(n))tors| - [H* (Ber, Z°(n))|

5_{;5(R)\, neven,

¢*(B,n) = +£2°

RB,n;

0, n odd;
Rp.n = regulator on H=1(Bg, Z°(n)).

» Theorem (B.): this is true for abelian Band n < 0.
» Conjecture: should be true for nonabelian B.
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CELLULAR SCHEMES

» Cellular scheme X — B: admits filtration by closed
subschemes

X=Zy22Zy-12-- 220271 =0,

withZ\ Z_y =[], Ag
» Theorem (B.): Given X cellular over a 1-dim abelian base

B, with smooth fiber X¢, the conjectures VO(X, n) and
C(X, n) hold unconditionally forall n < 0.

» Proof idea: compatibilities and dévissage.
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PART V.
SOME QUESTIONS



SOME QUESTIONS FOR THE FUTURE

» What to do for n > 0 and non-regular X?
Geisser (2006): case of singular X/F.
Mixed characteristic? Already interesting case:
nonmaximal orders X = Spec O.

» The regulator of Kerr—Lewis—Mdller-Stach is defined for
smooth X¢. How to extend it to the non-smooth case?

» When the comparison makes sense, C(X, n) is equivalent
to TNC. What is the equivariant refinement, equivalent to
ETNC?

» More canonical and functorial construction of Weil-étale
complexes Rl yc(X,Z(n)).
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