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1 Kareropun

Onpenenenne 1.1. Kareropusa C 3amaercs:

e Knaccom o6bexkToB Ob((C).

o Jlnsa mobbix aByx o6bekToB A, B € Ob((C) muoxkecTBoM Hom(A, B), 3/1eMeHTBI KOTOPOTO HA3bI-

Batorcss Mmopdusmamu u3 A B B B kareropuu (.

e Jlna moberx Tpex 06bekToB A, B, C' € Ob(() 3anana KoMmosuus

Hom, (A4, B) x Homs(B,C) — Hom(A4,C),
ALBBLCO) » Al%c

HpI/I‘IGl\/I BLIIIO/IHAIOTCA CJIEAYIOINNE aKCUOMBI:

1.

Paznmanble MHOKecTBa MopdusMoB He nepecekatorcsi: nycrb A, B,C, D € Ob(C); rorna ecin
Hom (A4, B) NHom(C, D) # &, 10 A= B u C = D. Takum 06pa30M MOXKHO I'OBOPHUTBH O KJIAcce
Bcex MopduszmoB Hom((C) := II Hom (A, B).

A,BEOD(()

h

. Kommosunus Mopdu3MoB acconuaTuBHa, T. €. JJIst Becex A i> BLCc3 D

flgh)=(fg)h

Y so6oro obbekra A € Ob(C) cymecrByer (M €IMHCTBEHHBIA B CHILy ACCOIMATHBHOCTH) TOXK/IE-
crBeHHbIil MopdusMm 1,4 € Hom(A, A). Ilpu sTom jyis mobsix asyx oobekros A, B € Ob(() u
Jutst roboro mopdusma f € Hom (A, B) bmosnrero 140 f = f = folg.

IlepBble mpuMepbI

. Set — Kareropusi MHOXKECTB U OTODDayKEHMUIA.

Homg, (X,Y) := Map(X,Y).

f g
Kommozunuio B Set IpUHSTO 3aIUCHIBATDL B 00paTHOM TOpsijike, T.e. st A — B = C ucnosb3yercs
3anuch g f BmecTo f g.

Konkpernas xkareropus: 06beKTbl — MHOXKECTBA C JIOIOJHUTEJIBHON CTPYKTYPOii, & MOPPU3MBI —
0TOGpazkeH s, COXPAHSIIOIINE STY CTPYKTYPY (KATeropust IpoCTPAHCTB C MEPOH U U3MEPUMbIX 0TO0-
paKeHuil, KATeropus TOMOJOIMYECKUX IPOCTPAHCTB U HEIPEPLIBHLIX OTOOPaYKeHUH, U T. I1.).

Grp — KaTeropus I'PYII 1 TOMOMOP(MHU3MOB.
Omnpegenenne 1.2. Mopduzm A i> B naszpiBaeTcst m3oMOpdU3MOM, €CJIH CYIIECTBYET MOPGMOUIM
B A, takoituro fg=1lanugf=1p.

Omnpenenenne 1.3. Kareropust ¢ oganM 06beKTOM Ha3bIBACTCSI MOHOUIOM.
I'pynmoit HasbiBaeTcsi KaTeropust ¢ OJHUM OOBEKTOM, B KOTOPOil BCe MOP(U3MbI SBJISIIOTCSI U30-

MOpduU3MaMu.

(Tounee roBopsi, MoHouIOM (IPYIIION) B KJIACCUIECKOM cMbiciie siBisiercd Hom (A4, A).)

Ab — xareropua abejeBLIX IPYII: 00BLEKTH — a0eIeBhl I'PYIIILI, MOP(MU3MBI — I'OMOMOPMHIMEI
TPyIII.

Onpepenenue 1.4. I'pynna G HasbiBaercs: abesieBo# (KOMMYTATHBHOI ), €CJIN YMHOYKEHHE B HEl
KOMMYTaTHBHO.



5. Ring — KaTeropus acCOIUATHBHBIX KOJIEI: OObEKTHl — ACCOIUATUBHBIE KOJIbIA, MOP(MU3MbI — I'0-
MOMOP(MU3MBI KOJIEII,

6. Kareropust Mmojtysieit 1 JTMHEHHBIX OTOOPAYKEHUH.
7. TpausutusHblii rpad (npeanopsinok) — MHOXKecTBO 06bekToB Ob((C), cHabxkenHOE pediiek-

CHUBHBIM TPAaH3UTUBHBIM OTHOHIICHUEM

A < B <= cymecrByer Moppuzm A — B,

IpwIeM MKy JTIOOBIME JIBYyMsi OObEKTaMu UMeeTcst He bojiee 0qHOro Mopduama.

)
o )

Q. @)

O D (3)
N
O

Onpenenenne 1.5. BuHapHBIM OTHOIIIEHWMEM Ha MHOXKeCTBe X Ha3bIBAETCS MHOXKECTBO R €
Rel(X) := Rel(X, X) := 2X*X_ Mpr mumem x Ry, ecim (7,y) € R.

R nmazpiBaercs TpaH3UTUBHBIM, eciin Ry, y Rz = x Rz n pediexkcuBHbIM, eciiu x Rx nis
Joboro x € X.

MHoxkecTBo X ¢ pedyIeKCHBHBIM TPAH3UTHBHBIM OTHOIIIEHHEM HAa3bIBACTCS IIPELY IIOPSITOYE€HHBIM
(preordered set).

IIpesynopsiioueHHOE MHOXKECTBO X HA3BIBAETCSI YACTUYHO YIIOPsiIoYeHHBIM (poset, JYM),
ecn R antucnvmMerpnuno: x Ry, yRx = x =y

8. JuckperHasi KaTeropmusl — 3TO KaTeropus, B KOTOPOil Bce MOPMU3MBI TOXK IECTBEHHBIE:

@, A+B,

Hom (A4, B) = { {1}, A=B.

Besikmit kimace MOXKHO OUEBHIHBIM 00pa30M CHAOIUTL CTPYKTYPOIl JTUCKPETHON KATErOPUH.

1.2 IIpumepsl KaTeropuii, CBI3aHHbIE C T€OPUE MHOXKECTB
Onpepnestenne 1.6. Kareropusi D maseiBaercs noakareropueit kareropun C, D < C, ecian
1) Ob(D) C Ob(C),
2) s mobbIx AByx 06bekToB X, Y € Ob(D) Bbmonneno Homg(X,Y) C Home(X,Y), n

3) kommozuiws MophusmoB u3z D cosnagaer B kareropuax D u C.

[Mopkareropusi Ha3bIBaeTCs MOJIHOM, ecau Jyis obbix X, Y € Ob(D) coBuasaioT MHOKECTBA MOD-
duzmos Homp(X,Y) = Hom (X, Y).

e Bin: 06bEKTHl — MHOXKECTBa, MOP(MU3MBI — OUHAPHBIE OTHOIIEHNUSI, KOMIIO3UIUS — IIPOU3BeIeHIe
OTHOIIIEHUIA.

Homg;, (X,Y) := Rel(X,Y).



FinSet — Kareropust KOHEYHBIX MHOXKECTB U OTOOPasKEHUH
Kareropust KOHEUHBIX MHOYKECTB — TIOJIHASI TOJIKATEropust Set.
Kareropusi MuokecTB U oTOOpaskenuii kakux-ro tunos. Hanpumep, Irj — Kareropus MHOXKECTB

U UHBEKTUBHBIX OTOOparkeHUil (B T.4. KOMIIO3UIUs UHbHEKTUBHBIX OTOODarKeHUl — MHbHEKTUBHOE
orobpazkeHne). Dra KaTeropusi siBJIseTCs HEIIOJIHON HojKaTeropueii Kareropuu Set.

Hom,;(X,Y) := Inj(X,Y) C Map(X,Y).

Surj — KaTeropusi MHOKECTB U CIOPBEKTHBHBIX OTOODaKEHUI.

Homy,,,;(X,Y) := Surj(X,Y) C Map(X,Y).

Bij — KaTeropusi MHOKECTB 1 OMEKTUBHBIX OTOOPaKeHMii.
Homg;(X,Y) := Bij(X,Y) C Map(X,Y).

B,HQCI) BCe I\’IOpCbI/ISMI)I ABJIAIOTCA HSOMOp(bHSNIaNIH. Takas KaTeropud Ha3bIBa€TCAd I'PYIIIIOUI0OM.

Setu — KaTeropusi MHO2KECTB B HEKOTOPOM YHUBEPCyMe U.

yHI/IBeprM €CTh DOJIBIIIOE «MHOXKECTBO BCEX MHO2KECTB», TaKO€ ITO BBIIIOJIHAIOTCA aKCUOMBI BPO/Ie

1)
2)XY€U:>{XY}6U
3) XeY, YeU=XelU,
4) XCY,YeU=X¢el,
)

5 YeuU= | Xel,
Xey

6)X€U:>2X€Z/I,
7 X el, x4 U= f(X)e

Hedopmanbao rosops, ssmement X € U — 3TO HEKOTOPOE «MHOXKECTBO», a X C U — 9TO «KJIacc»;
ect X € U, TO 3TO «IKCTPAOPIUHAPHBINA KJIACCH.

CyrecTBOBaHNE YHUBEPCYMAa MOCTYIMPYETCst Kak akcroma. Haubosiee cunbHast akcuoma I'poren-
JAUKAa YTBEPXKJIACT, UTO JIJIT BCIKOrO MHOXKecTBa X Haiiyiercs Takoil yausepcym U, arto X € U
Set, — KaTeropus MHOXKECTB ¢ OTMe4YeHHOl Toukoi. O6bekTol — napsl (X, x), rae © € X, mopdus-
f
Mmbl — orobpaxkennst (X, z) = (Y, y), nepesojsiiue 0TMEIEHHYIO TOUKY B OTMeUeHHY0 ToUKy. (IIpn
KOMIIO3UIIMN 9TO CBOWCTBO COXPAHSIETCs.) DTO TaKKe HA3BIBAETCs KaTeropueil 0-apHBIX OIepaIuil.
Pairs — xareropus nap. Oobekrsl — mapsl (X, X'), rne X' C X, X' # &, mophusmbl — oTobpa-
/
xennst (X, X') = (YY), takue uro f(X') CY'.

Map — xareropust oTobpazkenuit; MOpduU3M MexKLy orToOparxkeHusiMu X f—1> Y1 u Xo E) Yy —

o h k
napa orobpaxkenuit (X1 — Xo, Y1 = Y3), Takux 4To ciemyromas uarpaMMa KOMMYTATHBHA:

X1 L>Y1

hi lk
Xo——=Y>

f2

KomMmmosunust BBOIUTCS CIte Iy OImmM 00pa3oM:



X1 L'Yl

/ AN
Y N
h k
/ ll il \
f:

X242>Y2 \

\ /
\ /
\th ik’?/
N »

X3$-Y3

[

(h2,k2) o (hl, kil) = (h2 ohi,kyo k1)-

e Kareropusi BHyTpeHHUX OGMHAPHBIX OTHOIeHNH (relation systems). Duementsr — nmapst (X, R), rie

R € Rel(X, X). Mopdusmbr — (X, R) ER (Y, S) — orobpakenus X Ly coXpaHsIonye GuHAPHOE
OTHOIIICHHUE:

aRb=> f(a)S f(b).

Yupaxkaeuune 1.1. 9mo deticmsumenvro Kamezopus.

e Pow — KaTeropusi MHOXKECTB M CTEIeHHbIX oToOpaykennii. OO beKThl — MHOXKECTBa, MOP(MU3MBI —
0TOOpaKEHUsT MEXKJIy MHOYXKECTBAMH UX MTOJMHOXKECTB.

Homapy, (X,Y) := Map(2¥,2Y).

Set sBstercs mogkaTeropueit Pow 6narogaps ogeBnaaoMy Biaoxkermo Map(X,Y) < Map(2X,2Y).

2 ®DyHKTOPHI

DyHKTOPBI — TO «OTOOparKeHust MexK, 1y Kareropusimuy. OHU OBIBAIOT KOBAPUAHTHBIE U KOHTPABAPUAHT-
HBIE.

Onpenenenue 2.1. Ilycts C u D — nse xareropun. KoBapuantHsbiili pyukrop F : C — D 3anaercs
CJIE LY TOIMMU JTAHHBIMU:

1. Kaxaomy obbekTy KaTeropuu (C CONOCTABIAETCS 00beKT KaTeropun D:

Ob(C) > X ~ F(X) € Ob(D).
2. Mopdusmy f € Homq(X,Y') conocrasmnsiercss mopdusm F(f) € Homqp(F(X), F(Y)),
npuaeM st o0bix f € Home(X,Y), g € Hom (Y, Z) Bemonnsercs

F(fg)=F(f)F(g).

A rakxke st o6oro X € Ob(C) coxpaHsieTcs: TOXKIeCTBeHHbIH MOphu3M:

F(lx) = 1px)-

KourpaBapuaHuTHbIii GYHKTOP — 9TO TO K€ caMoe, HO MOP(PU3MBI PA3BEPHYTHI U

F(fg)=F(g) F(f).

Kak cBst3aHbI KOHTpaBapuaHTHBIE U KOBApUAHTHBIE (DYHKTOPHI?T



Ounpenenenune 2.2. Ilycrs C — kareropus. ConocraBum eii gBoiicTBeHHYI0 Kareropuio C* (Tak-
Ke ucnosb3yercst obosHaderne C°P). OO6beKThl — 00beKTHl MCXOAHON KarTeropuu, Home: (X,Y) «—
Hom (Y, X), a KOMIIO3UIMsA BBOAUTCS CJIELYIOIIAM O0PA30M:

(fg) =g f

Vupaxkuenue 2.1. Kosapuanmmwiti gpynxmop C — D coomeememeyem KonmpasapuaHmmomy Gymx-
mopy C* — D, uau C — D*, uau C* — D*.

Tpusnasbuble TpuMepsbl (PYHKTOPOB:

e ToxmecrBenusrit dyukTop 10 : C — C.

e Ilocrosauniit hyukrop — dyukrop Consty : C — D, Takoit aTo
Ob(C)> X ~ Z, Hom(X,Y)> f~ 1z

2.1 IIpencraBumbie (pyHKTOPBI

Hom(A, —) ectsb riiaBHbIM KoBapuanTHbiii dynkrop C — Set, npeacrasienusiii A € Ob((C).

Ob(C)> B ~ Hom(A, B) € Set

Hom(A,f)

BLo Hom(A, B) Hom(A4, C)

Orobpaxkenne Hom(A, f), conocrasmsier crpeske g € Hom(A, B) crpesky ¢ f € Hom(A, C):

N
N
gf\§ /
c

Hom(—, A) ecrb rnaBHbINl KOHTpaBapuaHTHbIN (yHkTOp C — Set, mpeAcTaBieHHBIH A €

Ob(C).

Ob(C)> B ~» Hom(B,A) € Set

Hom(f,A)

BLo - Hom(C, A) Hom(B, A)

Orobpaxkenne Hom(f, A), conocrasisier crpeike g € Hom(C, A) crpesnky f g € Hom(B, A):

2.2 Kareropumn, nzomop@dHbie CBOUM JABOMCTBEHHbIM

Pacemorpum ToxkaecrBennblit pyHKTOp 1,0 Set — Set. Kakos ero xonmpasapuanTbiit anasor? Moxk-
HO TOIIPOOOBATH ONPEIEIUTH HEUTO BPOE

A ~ A
Al - BIa

Vopaxkuenue 2.2. 9mo neeoamodicho, u Set ¥ Set™.



ITox m3omopduzMoM KaTeropuit 3/71eCh MOHUMAETCS CJIIYIOTIEee.

Omnpenenenne 2.3. Kareropun C u D HazbiBaioTCss N30MOPQMHBIMH, €CJIM UMEIOTCS JIBA BCTPEUHBIX
dyurropa F: C—= DuG: D — C, takue uro FG=1-u GF = 14,.

Vupakaenne 2.3. Tem ne menee, dan xkamezopuu B muoorcecms u OuEKMUSHOLL 0MOOPastceHUl 6bi-
noansemes Bij = Bij*. (Hocmpoum dyrxmop A ~~ A, f~ f71...)

VYupaxknenue 2.4. /laa xamezopuu Bin mmooicecms u GuHaApHHLT omHowenull ewnosnaemces Bin =

Bin". (Hocmpoum dyrrmop A~ A, Ax BODR~ R CBxA..)

2.3 ®yHKTOpPHI CTENEHU

Ceitaac MBI TOCTpoOnM B2 hyHKTOpa Set — Set — onuH KoBapHaHTHBI P, a npyroif KOHTpaBapHaHT-
uolii P~. Ha o6bekrax A € Ob(Set) oba dyHKTOpa 33JaHBl OAUHAKOBO:

A~ 24:={B|BC A}

24 — 310 BysIeaH, MHOXKECTBO BCeX IIOIMHOKECTB. FEro MOyKHO OTOKIeCTBUTE ¢ MHOecTBOM Map(A, 2)
BCeX OTOOpakeHuil B AByxv1eMenTHOE MHOKecTBO 2 = {0, 1}.
Ha camom gene, {0,1} — sro xiaccudurarop o6bekToB B Kareropuu Set (whatever that means).

Ha crpenkax A ENy: dyukTopsr PT n P~ ompeesnennbl Tak:
94 PE(f) 9B
¢ = fO)

9B P~ (f) 94

c = YO
PT u P~ naspiBaioT Tak:ke (pyHKTOPOM ob6pasa 1 pyHKTOPOM IpooGpasa.

Vupaxkuenue 2.5. Yoedumsvca, wmo PT u P~ deticmeumenvrio Gynxmopuasviiot.

2.4 Ilpumepbl PYHKTOPOB U3 KaTeropuu rpynn

JlasibIne mocsIe/yloT IpUMepbl, CBA3aHHbIe ¢ KaTeropuamu Gr (rpymmst u romomopdusmbl) u Ab (abesiebt
[PYIIIIBL ¥ TOMOMOPDU3MBI).
TpuBnanbuelil npuMep — 3abbiBaroruii pyHKTOP Gr — Set, KOTOPbIl «3a0bIBa€T» I'PYIIIOBYIO

CTPYKTYDPY:

o~ f
BaxxubIM npuMepoM (ByHKTOpa sBJIsSeTCs KOMMYTAHT |, |: Gr — Gr. KommyTtanrom [G, G] rpyn-

IIbI G Ha3bIBaECTCA prHHa, HOpO)K;LeHHaH KOMMyTaTOpaMI/I:
[G,G] = ([z,y] | z,y € G), tae [x,y] :==zyz 'y "

Yewm 6osbIlle KOMMYTAHT, TEM «00Jiee HEKOMMYTATHBHAY I'DYIIIIA.

G~ [G.q
56 w a2 e 6



Yupaxknenue 2.6. Ybedumovca, wmo amo Koppexmuoe onpedeserue, U KOMMYMaHM GYHKMOPUGAEN.
MozkHO Tak»>Ke PacCMOTPETh IMEHTP I'PYIIIIbL:

C(G):={geG|YheGhg=gh}.

C(G) ecrb abenesa rpynma. Yem Gosiblile HEHTD, TeM Ipylia «bojee KOMMYTaTUBHAY. MOXKHO ObLIO
b1 Ionpobosatk onpeaenuts dbyukrop C: Gr — 4b, nonoxus G ~~ C(G).

VYupaxknaenue 2.7. 9mo neavdsa docmpoums ecmecmeentvim 06pa3om 00 GyHKmopa.

Hampuwmep, zenn3st onpenesnTsd

f
e — o) e o

— BosbMeM abeneBy rpyuny A, s koropoit C'(A) = A; onHako oHa BKJaJbIBaeTcsd B Sy, [JIs KOTOPOI
C(Sp) =1 upun > 3. Husa crpeaku A < S, olpejiejicHUe BBIIIE HE MMeeT CMBICJIA.

VYupaxxknenue 2.8. Tem ne menee, ueHmp Gynkmopuasler Ha KAMe20PUL 2PYnn U INUMOPPHU3MOS.
Abesnmmanuzarueii rpynibl G HA3BIBAETCS TPYIIIIA
G = a/(a,ql.

G — 310 abeseBa TpyMIa (3T0 MaKCHMAIBHEIH abees dakTop G o HopMasbHoit noarpymme N < G,
B ToM cMbicie uto G/N abenesa iff [G,G] < N).
b gengerca dyukTopom Gr — Ab:

G ~ G
f b fa.b b
H>G ~ H” —G*
Yupaxkaeuune 2.9. [Iposepums GyHrmMoOpuUaAoHOCTID.

Takoit 2Ke KoHMPaBAPUAHTHBINA (DYHKTOP IOCTPOUTH HEJIb35, HO MOXKHO MOCTPOUTH KOHTPABAPUAHT-
uptit dynkrop FinGr — Ab us KaTeropum KoHewHvLT TPYIII.

G Gab
nha w gv g

3necy f* maseiBaercs TpaHcdepoMm. [Ipunymars camMoCTOSATETHHO KOHCTPYKITUIO OBLIO ObI OY€HBb
CJIOKHBIM yIIpaKHeHueM (OHa MOXKET ObITh €CTeCTBEHHO C(OPMYJIMPOBAHA B TEPMHUHAX KOIOMOJIOIHI

IpyII).

B kareropuu abesiesbix rpymn Ab njis aByx crpesok ¢, € Hom(B, C) norodeunas cymma

(p+ ) (z) = p(z) + P(z)

CHOBa #BJIIeTCs CTpesikoii ¢ + ¢ € Hom(B,C) (B orMyum OT CUTyaluu B IIPOU3BOJILHOI rpyImiie).
Taxum obpasom, Hom 44(B, C) cam ssisierca obbextom Ab, mostomy B 1ot cutyanun Hom(A, —) u
Hom(—, A) — sto dyuxropnt Ab — Ab.

Yupaxkuenune 2.10. ITpodymams amo (Kosapuarmuoid U KORMPABAPUGHMHLT CAY1aT).

Ab sBnsieTcsa 9aCTHBIM IIPEMePOM abesIeBbIX KaTeropuii, 0 KOTOPLIX pedb HOMIeT Jajee B Kypce.
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2.5 IIpumepbl PYHKTOPOB U3 KAaTeropuu KoJiell

Onpenenenune 2.4. Kareropus C HasblBaeTcs agAUTUBHOMU, ecin

1. Ha xaxgom muoxecrse Hom (X, Y') onpeneseno ciioxenue, IpeBpaliaoriee ero B abe/ieBy rpyILy.

2. KOMHO3I/II_II/IH I\’IOpCbI/ISIVIOB AHCTpH6yTHBHa OTHOCHUTEJIbHO CJIO?KEHUI.

g
xtovyT=2  jgthy=fotin (i)
h
! h
X Yy—s7Z (f+9)h=Ffh+gh. (ii)

BHumMmaHuMe: BO MHOTUX KHUTaX 3TO Ha3bIBaeTcs npedaaauTuBHOM KaTteropueit! s addumusroti kamezopuu
Tak>Kke TpebyeTcst, 9TOObI TaM CYIIECTBOBAI HY.Ae60T 006exm (YHUSEPCasvbHbili NPUMARUBAIOULUT U YHUBEPCANLHDIT
ommaaruearouuli OTHOBPEMEHHO), & TAKXKe KOHETHBIE npouseedenus u konpouseedenus. O TOM, 9TO 3TO TAKOe —
cM. fajiee B JieKIuax. Mbl moka OyJileM CYUTaTh aJIMTUBHON KATErOpHeil TO, YTO OIPEJIEJIeHO BbIIIIe.

Bomnpoc: 6GbiBaer Jin B KOJIblie JUCTPUOYTUBHOCTD C OJHON CTOPOHBI, HO HE C APYTOii?

OTBeT: HAIpUMep, MOYKHO B3SITh KOJIbI0 MHOrOWIeHOB K [X], HO B KavuecTBe yMHOXKEHUS UCTIOIb30BATH
KOMIIO3UIIIO MHOTOUJIEHOB 0. B TaKOM CJIydae BBINOJIHsIeTCsT JucTpubyTuBHOCTD (f+h)oh = foh+goh,
HO He Boinoyasercs fo (g+h) = fog+ foh (310 03HavaeT auHERHOCTD f).

Onpenenenne 2.5. AcconuaTuBHBIM KOJIBIIOM C €IUHUIIEH HA3LIBACTCA A JUTUBHASI KATETOPHS C
OIIHUM OOBEKTOM.

(Tounee, B KiacCU4eCcKOM OHMMAaHWUHU, accouuaTuBHoe Kouibilo — 510 Hom (X, X)) B Takoii kareropuu.)
Ass — KaTeropus acCOIUATUBHBIX KOJIEL, ¢ eJANHUIEHl 1 FOMOMOP(MU3MOB MEXKJLy HUMH.
T'oMoMoOpdhU3MOM acCOLMATUBHBIX KOJIEL] C € AUHULIEH HA3BIBAETCsI KOBAPUAHTHBIN &//INTHBHBIIT

dyurrop mex iy Humu. (KonTpaBapraHTHBIH (DYHKTOP HA3bIBAETCSI AHTUTOMOMOP()U3IMOM. )

Onpenenenue 2.6. Oyukrop F: C — D Mexiy ajIMTUBHBIMUA KATENOPUIMU HA3bIBAETCs (KOBApH-
AHTHBIM ) AAJUTUBHBIM, €CJIM OH COXPAHSAET KOMIIO3UIUIO MOPMU3MOB, CJIOKEHNE U €JIUHUILY:

f
X >y-lsz
F(fog)=F(f)oF(g), (i)
F(g+h)=F(g) + F(h), (ii)
F(lx) = 1r(x). (iii)

[Tocste TOro Kax MbI ONPEJIEJIMIIN KOJIbIIA, MBI PACCMOTPHUM ITPUMEPBI (DYHKTOPOB U3 Kareropuu Ass.
BabbiBatomuii bynkrop Ass — Ab nepesonut Koablo R B ero ajmurtusHyio rpynmy RT:
(R7 +5 1) ~ (R7 +)'

Eme omun sabbsatormuii dyakTop Ass — Mon mepesomut Koublo R B ero MyIbTHILIHKATHBHLIN
MoHou R*:



Hakorer, Tak»Ke K 3a0BIBAIONIIM OTHOCAT DYHKTOP MYJIBTHUILINKATUBHOI rpynmnsl Ass — G,
KOTOPBIi TIepPeBOIUT KOJIbIIO R B €ro rpyIily 0OpaTUMBIX 3JIEMEHTOB

R ={zcR|F e te=aa"t =1}
(He myrars R* ¢ R*!)

(R,+,-,1) ~ (R",-).

DyHKTOP MYJIBTUILIMKATABHON T'PYIIIBI JaeT KOHTPIPUMEDP K MOIYJISIPHOMY CpPeIu HAYMHAIONINX 3a-
6ryKIeHnto, OyaTO (DYHKTODP MEPEBOAUT SMUMOPGU3MbBI B 3nuMOpdu3Mbl. PaccMOTpuM IpoOeKnuio Ha
baKTOPKOJIBIIO

7 — Z/mZ.

[ox pmeiicTBuemM yHKTOpa MyJIBTUILIMKATABHON IPYIIIBI 3TOT MOPMU3M Iepeiiier B

1 — (Z/mZ)".

#(Z/mZ)* = o(m), u 5710 YUCIIO He pABHO eauHUIE, eciun m > 2. Takum o6pa3oM, HYHKTOD mepesest
CIOPBEKIIAIO B OTOOPAKEHNE, KOTOPOE CIOPBEKIUEi He ABJISIeTCS.

Jpyroit BaxkubIii npumep pyHKTOpa — GYHKTOP 4SS — ASS, mepeBomsuii Koabino R B KOJIbIO
M(n, R) marpui pazmepa n HaJ KOJbIoM R, rue n bukcupoBaHo.

R ~ M(n,R),
R%S ~ M(n,R) £ Mn,S),

rie crpenka M(n, R) RN M(n, S) ycrpoena Tak:

(i) = (p(ij))-

Hanomuum, aro takoe kousbio mMarpui M (n, R).
Onpenenenune 2.7. @ukcupyeM n 1 pacCMOTPHM ITOJIyTPYIILYy CTAHAAPTHBIX MATPUYHBIX €IMHNIL

S:={0}U{e;; |1<i,j<n}

CO CJICAYIOIIUM YMHOXKEHUEM:

O'Bij ::e,;j-O::(),

. Cik, .7: h7
eij.ehk :{ 0’ j#h

Konsnom matpuri M(n, R) Ha3bIBaeTCsl MHOXKECTBO BCeX (bOPMaIbHBIX JIMHEHHBIX KOMOMHAITHI €;;
¢ koapdurmentamu B R:

E Tij€ij, Tij € R.

1<i,j<n

[TomyrpymmoBoit Hotb 0 COOTBETCTBYET IIyCTOU CyMME.
CiioxkeHre BBOJINTCS CJIELYIONIUM 00pa30M:

Z Tij €5 + Z Yij €ij ‘= Z(xij + Yij) €ij-

VMHOXKEHNE JUCTPUOYTUBHO ITPOJIOJIPKACTCS U3 OMPEIeICHIS

(aeij) - (benk) = (ab)(e;jenk).
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M(n, R) nefiCTBUTEIHO TIOJIY9aeTCsl ACCOIMATUBHBIM KOJIBIIOM, U €JMHUIEH 110 yMHOKEHUIO TaM
Oyner e :=e11 + €aa + -+ epnn.-

®yHKTOp MOJHOI JauHeitHO# rpynnel GL,: Ass — Gr conocraBisgeT KoJblly R MOJHYIO JIU-
Hetinyro rpyuny GL(n, R) := M(n, R)*:

R ~ GL(n,R),

GLn ()

R% S ~ GL(n,R) GL(n, S).

Ring — 910 10JHAA LHOAKATErOPUA B ASS, COCTOAIIAL U3 KOMMYTATUBHBIX KOJIEIL.
Hay koMMyTaTHBHBIME KOJIBIIAMU €CTECTBEHHO PACCMATPUBATH KOJIbI[A MHOTOYIEHOB U COOTBETCTBY-
oyt GyHKTOP

Ring — Ring,
R ~ R[X].
3 Baxkwueiimme Kjiaccbl MOP(pHU3MOB

MpbI paccMOTpuM CJIIyIONINE BUILI MOPMDU3MOB:

MOHOMOP(MU3M <>  3nuIMOpPdU3M

Ul Ul
KOpeTpakIus < peTpaKIusa
WHbEKIIHS < CIOpBEKIN

(Mapeknus u CIOPbHEKIHs OUPEIEIISIOTCs JJIsi KOHKPETHBIX KaTeropuii.)

f
Onpenenenue 3.1. Mopdbusm Y — Z nazpiBaercs MOHOMOPMU3IMOM, €cau Jjisd Kaxaoro X u Jist

h
KaXKJI0#1 mapbl cTpeIoK X 22, Y BbinonHsieTcst
gf=hf=g=h

x—>v-1l.z
h

Onpenenenune 3.2. Mopdpuzm X i> Y naspiBaeTcss 3MUMOPEMU3IMOM, €CJIH I KAaXKJIOTO 4 U JIJIst

" g,h
KaXKJI0#1 mapbl CTPeoK Y —— Z BBITTOJTHIETCS

fg=Ffh=g=h

xLtoy—>z
h

f o . .
Onpenenenue 3.3. Mopdusm X — Y HasbiBaeTcs KOpPeTpPaKIMEH, eciu HaiieTcs Takoi Mopdu3m
Y & X, gro

fi=1y.

1XCXéY
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Onpenenenue 3.4. Mopdusm X LV nasemaercs peTpakImeii, eciim HaiifieTcs Takoit Mopdu3M
Y 4 X , 9TO

Jjf=1y.

f
—
X Y 3 1y
V
J
VYupaxkaeuue 3.1. B xamezopuu Set
® MOHOMOPPUMbL COBNAAAIOM C KOPEMPAKUUAMU U UHBEKUUAMU,
® SNUMOPPHUMbL COBNAAIOM C PEMPAKUUAMY U CIOPBEKUUAMU
(6mopoti nynkm mpebyem axcuomv, 6v60pa).
Yupaxkuenue 3.2. B xamezopuu Grp

® MOHOMOPPUMYL COBNADAIOM C UHBEKUUAMU,

® SNUMOPPHUSMDBL COBNAIAIOM C CIOPBERUUAMU.

B kareropun Zop TOLOJIOIMYIECKUX IPOCTPAHCTB COOTBETCTBYIONINE BUALI MOPGU3MOB He COBIAJAIOT.
N3omopdusmel B kareropun Zop — romeoMopdu3MBlL, T.e. HEIPEPLIBHbIE B 00€ CTOPOHbI GHEKIINH.
Ho ne Bcsikast HempepbIBHAS B OJHY CTOPOHY OUEKINs OYIET UMETh HenpepbvieHoe 00paTHOe OTOOparKeHMe.

/
Orobpaxkenne X — Y HasblBaercs JOMHMHAHTHBIM, eciu ero obpas miored B Y, re. f(X) =Y.
SIII/II\/IOp(bI/IBl\/Ia.l\/II/I B KaTeropuun TOP ABJIAIOTCA B TOYHOCTHU JJOMUHaAHTHBIE HEIIPpEPbIBHbLIE OTO6pa)KeHI/IH.

Yupaxknenue 3.3. Jlezxo nposepumsv, wmo Z — Q — snumoppuszm, m.e. wmo

f
Z—f>(@/\*R fg=gh=g=h.

-
g

Vn g(n) = h(n) = YmVn g (@) =h (T) .
n n

Yupakaeuue 3.4. o Ecau f u g — monomoppusmuv, mo f g — moromopghusm.

e Ecau f u g — anumoppudmo, mo f g — snumoppusm.

e Ecau f g — monomoppusm, mo f — mornomoppusm.

e Ecau f g — anumoppusm, mo g — snumoppusm.
VYnpaxxkHenue 3.5. o FEcau f — pempaxuyusa u monomopdpusm, mo f — uszomoppusm.

o FEcau f — xopempaxyus u sanumoppusm, mo f — uzomoppuam.
Yupaxknenue 3.6. B xouxpemuux xamezopuax

e Ecau f — cropsexyus, mo f — anumopghusm.

e Ecau f — unsexyus, mo f — monomoppusm.

o FEcau f — pempaxyusa, mo f — cropsexyua.

o FEcau f — xopempaxyus, mo f — unsexuyus.

IMmu cAedCMBUSL MOINCHO 00PAMUMD, ECAU UCTLOAB30BAMD GKCUOMY GblOOPa.

Yupaxkuenue 3.7. Ilodymamsv, 4mo MOHOMOPPHUIM, INUMOPHUIM, KOPEMPAKUUAL U PEMPAKUUSL 03HA-
YAM 8 KAmMe20pul, AGAAOULETUCA YACTNUYHO YNOPAJOUEHHBIM MHONHCECTLEOM.

14



Bepremcst K Bompocy 0 TOM, 1odeMy B Kareropuu Grp (B oriamume or Set) He BCsKuii snmMopdusm
SABJISIETCS peTpakiueil. ['0BOPST, UTO KOPOTKas TOYHAS MTOCIEI0BATETHLHOCTD TPYIII

1 H G-—2-F 1

paciiensisdeTcd, eCjJii UMeeTCsd cedeHue

%3
l—H —>G—=F——>1

¥

Takoe 910 Yo = 1p. 10 npoucxomur iff G ecrs mosrynpsimoe nipoussenenue F A H (re. HNF =1,
H-F =GuH <G), usro 6osee cunbHoe TpeboBanune, yeM F' = G/ H, Kak B 0ObIYHOM KOPOTKOIT TOUHOI
[I0CJIEIOBATEIHHOCTH.

Crpesnika G — F — 310 31uMopdu3M, a MOCTPOEHNE CEUYEHUsI TI0 OIPEIEIEHII0 COOTBETCTBOBAJIIO OB
TOMY, UTO 3TO PETPaKIys. TakuM 00pa30M, He PACIIEIISIONINecs KOPOTKUE TOYHBIE [TOC/IEI0BATEIbHOCTH
AT IPUMEPHI AMUMOPGMU3MOB, HE SBJISTIOIIIXCSA PETPAKIUSIMHU.

Cremyromas KOPOTKasi TOYHAS [TOCJIEIOBATEILHOCTD HE PACIIEILISIETCS

0 7Z-">17 Z/mZ —=0

(Cevennto HeKyia OTOOPA3UTD JIE€MEHTHI Z /M7 — OHU BCEe NUMEIOT KOHEUHBIH TOPSIJIOK. )

Crenyromuit npumMep jgaer OumHapHas rpynna rerpasapa A4, Koropast cocToUT u3 24 3JI€MEHTOB:
KBATEPHUOHHDBIX eIUHUIL 1, ¢, j, k, B3ATBIX CO 3HAKAMU + U —, & TaKkKe 16 371eMeHTOB BU/Ia, %(iliii JjEk):

_ 1
Agi= {£1, £, ), £k, S(F1+i+j£k)}

Yupaxkaeuue 3.8. o [Iposepumsb, wmo amo deticmeumenvHo 2pynna.

e [Iposepumsb, wmo Ay 6cmpausaemcs 6 KOPOmMKYO MOUHYI NOCACIOBAMEALHOCTIVD

1 O, A, Ay 1

2de Cy = {£1}, a Ay — obviunaa sHaxonepementan 2pynna.
e [Iposepumo, wmo 3ma nocaedo8amesvsHOCTNG He DACUWENAAEMCH.

Taxum 06pa3oM, MBI yOEJUIIHCh, YTO B KATErOpHu GTp He BCAKUIA S1IMMOPMU3M SABJISCTCS PeTPAKIUEil.
Amnastornanoe mpoucxouT it KoJtell. He Bcerjia BO3MOXKHO IOCTPOUTDH CEYeHUe

OHIHR?R/IHO

4 @yHKTOPHI ABYX apryMeHTOB

PyHKTODP ABYX aprymMeHTOB (6udyHKTOP) IIE€PEBOIUT Napy OOBEKTOB, COOTBETCTBEHHO M3 HEKOTO-
poix kareropuit C u D, B 00beKT Kakoii-To kKareropuu ‘E. EcTb yernipe Bujia Takux (HyHKTOPOB:

1) nmBaK/IpI KOBApUAHTHBIE,

2) KOBApHWAHTHBIE IO TIEPBOMY M KOHTPABAPUAHTHBIE 110 BTOPOMY &PTyMEHTY,
3) KOHTpaBApHAHTHBIE IO TIEPBOMY M KOBADUAHTHBIE 110 BTOPOMY &PTyMEHTY,

4

JABa2KJbl KOHTpaBapUaHTHBIE.

MpbI BBITIAIIIEM OTIpEIeIeHNEe TOTBKO M1 3-TO BUJIA.

Omnpeaenenne 4.1. Oyukrop F': C* x D — ‘E, KOHTpaBapUAHTHLIA 110 IIEPBOMY U KOBAPUAHTHBIA 110
BTOPOMY apryMEHTY, TPOU3BOIUT
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1) comocrassienne nape o6bekToB u3 C u D obbvexra uz ‘E:

X U ~ FXU
m m m
ObC  ObD ObE

a TaK>Ke

2) conocrassenue nape mopdusmos uz C u D mopbusma usz E:

XLy, usv) « Fy,u) 25 px,v.

HpI/I 9TOM BBIIOJIHAIOTCA CJICAYIOINE aKCUOMBI.

I COXpaHHIOTCH TOXKIECTBEHHLIE MOp(bI/ISI\/IbIZ

F(lx,1y) = 1px,u)-

I1. Coxpansiercs KoMIo3uiusi MOpU3MOB. A UMEHHO, €CJIM eCTh KOMITO3UIiust MOphu3MoB X i) y %

k l
Z 8 C u xommnosuiust mopusmos U — V' — Z B D, Torma

F(fog, kol) = F(f,k) o F(g,1).

(Cwmpica 3anucu C* X D g apryMmenToB 6udyHKTOpPA MPOSICHATCS. IyTh MTO32KeE. )

VYupaxknaenue 4.1. Boinucams axcuomvt 0aa 0cmasvholr mpex 6udos budynrmopos.

OCHOBHBIM TIPUMEPOM CJLy2KUT TAaBHBIN byHKTOp C* X C — Set. ITape (X,Y) on conocrasiser
Hom(X,Y), a Mopdusmbl oTrobpazkaer Tak:

X LY, U%V) ~ Home(Y,U) 2 Homp(X, V),

rue F(f,g) meiicrByer kak

Y—>U — X Y—>U V.

VYupaxknaenue 4.2. IIposepumos, wmo 5mo 6ugynrmop, KoHmpasapuaHmmsil no nepeomy apeymermy
U KOBGAPUGHMMHIT MO 8MOPOMY.

Omnpenenenne 4.2. IIpousseaennem C x D kareropuii C u D HazbIBaeTCsl KATErOpUsi C KJIACCOM
00BEKTOB

Ob(C x D) :=0b(C xObD

U MHOXKECTBaMu MOP(MU3MOB

Hom 5 ((X,Y), (U,V)) := Hom(X,U) x Homgp (Y, V).

(f, k) gﬁl)

Emmmmansie Mmopdusmer ects 1y y) = (1x,1ly), a xovnosmus (X,U) —= (Y,V) —= (Z,W)

onpeaesdeTrcda Kak

(f’ ) (’) :(fOQ, ]{;Ol).

Tenepsb BuIHO, 9TO 6IPYHKTOP — 9TO (DYHKTOP 00H020 apryMeHTa U3 nponssenenusd kareropuit C X D,
C*xD, CxD*, mubo C* x D*. Takum 06pa3omM, uydarh 6udyHKTOPHI KAK OTIAEJILHBIE OObEKTH HE IMEET
CMBICJIA, XOTS U ObIBaeT yJOOHO CYUTAThL, 9TO MbI paboTaeM ¢ (PyHKTOPOM OT HECKOJIBLKHX apryMeHTOB.

16



5 IlIpeneanbl m Konpeaeabl

5.1 VYHuBepcajibHble O0bEKThI

Onpenenenune 5.1. X € Ob C HazbBaercsi YHUBEPCAJIBHBIM OTTAJIKUBAIOIINM 00bekToM (initial

object), ecam mis Beskoro obberra Y € Ob C cymecTByer B TouHOCTH OfuH MOpGU3M X Ly,
X € Ob (C uasbBaercsi yHUBEPCAJIbHBIM IIPUTATABAOIIMM 00beKTOM (terminal object), ecan

f
Jtst Besikoro oobekta Y € Ob C cymecrByer B TogHOCTH Ot Mopdusm Y — X.
Eciun X ofHOBpeMEHHO sIBJISIETCST YHUBEPCAJIHHBIM OTTAJKABAIOIIAM U TPUTITUBAIONIAM, TO OH HA3bI-
BaeTCsl HYJIEBBIM OO'BEKTOM.

]:[OHE{THO7 Y9TO BC€ YHHUBEPCaJIbHbIE OTTAJIKUBAIOIINE (HpI/ITHFI/IBaIOIl];I/Ie) OO BEKTHI €/IMHCTBEHHBI C TOY-
HOCTBIO JIO € JMHCTBEHHOI'O I/ISOMOpd)I/ISMa.

[Tpumeps! yHUBEPCAJIBHBIX OOBEKTOB:

1. B kareropun MHOXKecTB Set IIyCTOe MHOXKECTBO & €CTh YHUBEPCAJbHBIN OTTAJKUBAONINN 00bEKT,
a JII000€ OJIHOMIEMEHTHOE MHOXKECTBO {*} — YHHUBEPCAJILHBIN IPUTATUBAIONIIUAN OO BEKT.

2. B kareropum MHOXKECTB C OTMEUYEHHOW TOUKOil Set, MHOXKECTBO {®}, COCTOsiIIee U3 OTMEUEHHOM
TOYKH, ABJILETCA OZHOBPEMEHHO YHUBEPCAJIBHBIM OTTAJIKHUBAIOMIAM M IPHTATHBAIONIIM 00BLEKTOM,
TO €CTh HYJICBBIM.

3. B xareropuu rpynn Grp enunudnas rpynma {1} aBiseTcs HyleBBIM 00BHEKTOM.

4. B kateropum KoJeIl C eIUHUIEH YHUBEPCATHHBIM OTTAJKUBAIONINM OOHEKTOM SBJISIETCS KOJIBIO Z,
a YHUBEPCAJIBHOIO IPUTSITUBAIOIIEro 00bekTa Her (7).

B kareropum koster 6e3 eJMHUI HyJIeBOe KOJIBIO {0} ABIISeTCS HYIEBBIM OOBEKTOM.

5 B KaTeropuu NpeanopaaKa YHUBEepCaJIbHbIMU 00 BbEKTAMHU SIBJISIIOTCS. HAUMEHbIINE I HarnOOJIbIINe
9JIEMEHTDI.

5.2 Ilpumepsbl yHUBEpCAJIbHBIX KOHCTPYKIIHU

DukcupyeM MHOXKeCTBO X U paccMOTpuM Kareroputo C, 00beKTaMi KOTOPOIi SIBJISIIOTCS BCE 0TOOPasKeHMs
]
Buga X — A, rne A € Ob 4h — abenesa rpymnma, a MOPMU3MAMH SBIAIOTCS MHOMKECTBA

Homo(X % A, X 5 B):={A L B|pn=v)

X

YHuBepcaabHBIM OTTAJIKHBAIONINM 00bEKTOM B Takoil Kareropuu Oy1eT cBobOgHasI abejieBa rpyri-
na c 6asucom X

7 =Pz
reX
WNuadge roBopsi, 370 MHO2KECTBO 0TOOpazkeruit X — 7, KOTOPBIE IIOYTH BCIO/LY HYJIEBBIE, C [IOTOYETHBIM
CJTOZKEHUEM.
Jns koneunoro muoxkectsa X = {z1,...,%,} cobojuoil abenesoit rpymnoit 6yner Z®™, u n Ha3bi-
BaeTCsl €e PAHTOM.

VYupaxkuenue 5.1. Paccmompum xamezopuro omobpasrcenut u3 Konewnozo mmoscecrnea X = {xy,...,xn}
68 KOMMYMAMuUBHbLE KoAvua ¢ edunuyetd. Moppuamv, 6 maxoli Kamezopuu onpedesum aGHai02usHvM 00-
paszom. Ecmv au 6 amoti kamezopuu yrusepcarvruli ommankusarowut obsexm? dmo amo maxoe?
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5.3 IlIpomusBesieHus 1 KOMPOU3BEAeHUA

Onpegnenenune 5.2. Iycrs A, B € Ob(C). Ilpousseaennem A u B nassisaercsa o6bekT Ax B € Ob(()
¢ moppuzmamu A X B P AuAx B2 B, takumu uro jyist Begkoro obberra T € Ob(C) u o6bix
mopdusmos T’ 5AuT L B CyIIeCTBYeT euHCTBeHHbIH Mopdusm T — A X B, Ipi KOTOPOM p = TOoPpI,
U ¢ =T o0Dpry.

T
I
|r
p Y q
AXx B
N
A B

Ecsin nponssenenne 06bEKTOB CyIIECTBYET, TO OHO €IUHCTBEHHO C TOYHOCTHIO 710 €IMHCTBEHHOTO M30-
Mopdusma. eficTBUTEIbHO, €ciu ecTh ABa npousselenus P u P’, To u3 yHuBepcaJbLHOrO CBOHCTBA B
ollpejie/IeHuy HojydaeTca nzomMopdusm P = P/,

P’
A
rlls
pry ¥ pry
P
A B

AN

sr=1p, rs=1ps.

Kak 0661400, 06bEKT, YIOBIETBOPSIIONIHI YHUBEPCATBLHOMY CBORCTBY, MOXKHO BBECTH KaK YHUBEPCAJIb-
HBIIT 00beKT HeKOoTOpOi Kareropun. Pukcupyem Kareroputo C u obbektsl A, B € Ob((). Pacemorpum
kareropuio D, obbekTamu KOTopoit siBasttorcst Tpoiiku (T, p, q), rae T € Ob(C), a p u ¢ — MopdusMel B

Au B:
T
SN
A B

Mopdusmamu (T, p, q) (T, p, q') MeXJy JByMsl TAKMMU TPOHKaMu GY/yT CTPEJIKH, IPU KOTOPBIX
JmarpaMMa KOMMYTATHBHA:
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Jlerko nposeputhb, 4To D NEHCTBUTEIHHO 0Opa3yeT KaTeropuio, U YHUBEPCAJIbHDBIA IIPUTITHBAIOITII
00bEKT B Hell — 310 npousBeenne A X B.

[Ipumepnr:

1. TlpousBenenusi CyIIECTBYIOT JJist JIOOBIX OOBEKTOB B Kareropuax Set (IEKaApTOBO MPOU3BEICHUE
MHOKeCTB), Top (IpsiMoe TIPOM3BeJIeHNe TONOJIOIMIECKHX POCTPancTs), Vect, (mpsiMoe mponsse-
JleHrie BEKTOPHBIX IIPOCTPAHCTB), G7p (IpsMOe IPOU3BEAEHIEe TPYIIL).

2. Eciiu C — yacTu4HO YIOPsI0UYE€HHOe MHOYKECTBO, TO Jjisi 00beKTOB a,b € Ob(() npsmoe npousse-
JIeHUE eCTh HAauOOJIbINas HUXKHAA rpadb a M b. [IoHaTHO, ITO OHO CyIIECTBYET He BCETTA.

b
a )/
~N

anb

VYupaxkuenue 5.2. @ynxmop Hom (A, —) x Hom(B, —), C — Set, npedcmasum iff 6 C cywecmeyem
npoussedernue A X B.

Ounpeznesnenune 5.3. Ilycrs A, B € Ob((). KonpousBenenuem A u B nasbiBaercs o6bekT A LB €
Ob(C) ¢ mopdusmamu A 1 AUBu B 2 AU B, takuuu 4to st Besikoro obbexta T € Ob(C) un
JIFOOBIX MOPpU3MOB A STuBST CyIIeCTBYeT euHCTBeHHbIH Mopdusm A Ll B = T, 1pi KOTOPOM
P=10THqg=120(.

T

A

| r

p | q
AUB
11 ’LQ
A B
Eciin xompousseienne 00bEKTOB CyIECTBYET, TO OHO €IUHCTBEHHO C TOYHOCTBIO 10 €IMHCTBEHHOTO
n3oMopdu3Ma.

[Ipumepsnr:

1. B kareropun Set KompousBegeHNEe — 9TO IUIBIOHKTHOE O0bLEINHEHNE MHOMKECTB

AUB:={1} x AU {2} x B.

2. B kareropun Set, KOIpousBeaeHne — 9TO AU3BIOHKTHOE 00bEIMHEHNE, CKIEHBAIOIIEe OTMETeHHDIE
TOYKH.

3. B KaTeropumn {Ibp KOIIpOU3BEACHUE — 3TO JU3IBIOHKTHOE O6’]36,J11/IH€HI/I€ TOIIOJIOTUYIECKUX ITPOCTPaHCTB.

4. B kareropun Grp Konpom3BeJeHHEe — 3TO CBOOOIHOE IIpou3BeaeHue rpynn A 5.
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5. B xareropun A KoupousseseHUe, a TaK:Ke IPOU3BEIeHHAe — 3TO IIPAMas CyMMa abeJIeBbIX TPYII

A®B.

6. B gacTu9HO yIOpsiZIOUEHHOM MHOXKeCTBe Konpoussesenue a,b € Ob(C) — 3T0 HauMeHbIIas BepX-
Hsist TpaHb a U b.

aUb
/o

7. B xareropun Ring KoIpomsBemeHHe — 3TO T€H30pHOe IpousBenerne Kouer, A @z B.

HpOI/I3Be,HeHI/Ie 1 KOIIpou3BeeHne MO2KHO OIIpeJeJINTD JJisd IIPOU3BOJIBHOI'O ceMeiicTBa, 00LEKTOB.

Onpepnestenne 5.4. Ilycrs (A;);er — cemeiictBo o6bekToB B Kareropun . VIx mpousBeneHneM Ha-

pr;
spiBaercs 00bekt [[,o; A € Ob(C) ¢ mopdusmamu [[,.; A —= Aj, Takumu 9T0 JyIst BCAKOIO 00b-

il
ekra T' € Ob(C) u soboro cemeiicrBa Mopduzmos T’ LEN Aj cymecTByeT eIMHCTBEHHBIH MOPQU3M
TS [I;c; Ai, mpu KOTOPOM pj = 1 0 Pr; JIAA Beex j € 1.

T

N
i N
J \T'
N
N

Aj pr; Hie] A

VYapaxkxnaenue 5.3. Iloxazamv, umo npoudsederus acCouuamuUGHL:

AXBxC=(AxB)xC>2Ax (BxC).

[TonaTHo, KaK COOTBETCTBYIONIUM OOPA30M OIPEIENTH KOIIPOU3BEIEHNE Hz‘e ; Ai, a Takxe onpee-
JIUTh TIPOM3Be/IeHNsl (KOIPOU3BEIeHNsI) CeMeficTB KaK yHUBEPCAJbHbIe OObEKTHI B HEKOTOPOH ClIennalib-
HOI KaTeropuu.

B kareropuu Ab Boobiie ToBOps [Lic; Ai 2 ;e As, ecmn I 6eckonedno. Hanpumep, ecmn I = N, To
npoussesienne | [; oy Ai €CTh MHOXKECTBO BCEX TOC/IEI0BATEIBHOCTE ¢ MOKOMIOHEHTHBLIM CJIOYKEHHEM, a
konpousseennue | [, A; ecTh MHOXKECTBO BCEX MOC/ICIOBATETLHOCTEH, B KOTOPBIX HOUTH BCE 3JIEMEHTEI
HYJIEBBIE, TO €CTh IpsMas CyMMa ®i€N A;. Eciiu A; cuerHBble, TO 9TO pa3HbBIE BEIIU 10 COOOPAXKEHUSIM
mommocTn ([ ];on Ai necuerno, a @,y Ai cueTmo).

B uacraoMm ciydae I = & npousBeJeHHE TI0 ONPEJIEICHUIO JAET YHUBEPCAIbHBIA MPUTSITUBAIOIIAN
00BEKT KATErOPHH, a KOMPOU3BE/IEHIE — YHUBEPCATBHBIN OTTAJKUBAIONTUIA.

5.4 Paccioennbie mpon3BejeHUs 1 KOOPOU3BEIECHUS

Temepnp MBI paccMOTPUM 0DOOITIEHIE TTPOM3BEICHNN U KOTTPOU3BEICHUI.

Omnpenenenne 5.5. @ukcupyem Kareropuio u ee 00bekTol A, B, C'| a Takxke napy mopduszmon A ER C
u B % C. Paccnoennsim npousBenenneM A u B najn C HaszbiBaercs 06bekT A X o B ¢ Mopduzmamu
Axc B P Aw A Xc B RN B, TakuME 9TO 15 BCSIKOro obbexta 1 1 mobbix Mopdusmor T 2 A
ulT L B , IPI KOTOPBIX p O f = ¢ 0 ¢, CyIeCTByeT emHCTBeHHbI Mopdmsm T — A X B, Takoil 4ro

p=Tropr; U g=r7r0DPpr,.
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Ksanpar B 910l guarpamMme Ha3bIBAe€TCs JAEKAPTOBBIM KBaJApPaTOM, Wi KOYHUBEPCAJIbHBIM
kBagparom, uian pullback’om. Tax ke moryr naseiBarh A X o B.

Amnajornano onpejiesisiercsi paccjioeHHoe kompou3sBenenue A Lo B:

C
f

Kpazpar B 910l gumarpamMme Ha3bIBAe€TCs JAEKAPTOBBIM KOKBAaAPATOM, WM YHUBEPCAJIbHBIM
KBazparoM, wim pushout’om.

Yupaxkuaeune 5.4. Cmpeaxa A 1, B aeasemes anumoppudmom iff caedyrowuti xeadpam yHusepcaseH:

f

A——

B
f ils
B——B
1p

[Ipumepsr:

1. Pullback B kateropun Set ectb
Axc B={(a,b) € Ax B| f(a) = g(b)}
2. Pushout B kareropun Set ectnb
AlUc B=AU B/N,

e i1(f(c)) ~ i2(g(c)).

3. Pushout B xareropun Ring ecrb Temsopnoe npoussegenne A Q@c B.
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4. Ecnun B KaTeropuu CyIIeCTBYeT YHUBEpPCAJbHBIN MpuUTATHBaIoNmii o0bekT, To pullback mam num
SIBJISIETCSI TIPOU3BEIEHUEM.

B

)

5. Ecan B kareropum CymiecTByeT yHHUBEPCAJIbHBIN OTTAJIKHBAMOMNI 00bekT, To pushout mam mHum
ABJIAETCH KOIIPOU3BEICHUEM.

5.5 Ilpenesbl u Konpeaesbl

p
PaCCl\IOTpI/II\fI IIPOEKIUIO S — S/N MHOXKeCTBa S Ha (baKTOpI\/IHO}KeCTBO S/N 110 OTHOIIIECHUIO SKBUBaJICHT-

f
woctu ~. Jlns Besikoro orobpakenns: S — X, TaKOro 9To

s~ s = [(s) = [(5), ()

y f )
HalijileTcs enuHCTBeHHOEe oToOpaxKenue S/~ X | nenaiomiee CJIeAyONyIO JUarpaMMy KOMMYTATUBHOIL:

S —Ls G/
|
I f
Y ¥
X

Briaromapst TakoMy yHUBEpCAJIBHOMY CBONCTBY, MBI MOYKEM PaCcCMOTPETh KaTeropui, 00beKTaMu KO-
. / *
TOpOIi ABJIAIOTCsT 0TOOpazkerus S > X, 1yist KOTOPbIX BhimosHsiercs (¥), a MopdusmMaMu — 0To0paskeHust

(7]
X1 = X, IpU KOTOPBIX CJAEAYIOMAS IAArPAMMA KOMMYTATHBHA:

s x,

[
Y

X5

Torpa yHUBEpCANbHBIH OTTAIKABAIONINNA 00BHEKT B 9TOH KATEropun — (PAKTOPMHOXKECTBO U ITPOEKIIUST
na mero S & S/~

Amnayornaso mosydaercs KOHCTPYKIms (akToprpymnsl (pabortaeM B KaTeropuu Grp u dburcupyeMm
rpyuny G ¢ HopMasbHOii noarpynnoit N < G, a or romomopdusmos f tpebyem N < ker f).
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1 HOsOps peus mLIa O Ipejiesiax U KOIPeesaxX; TakzKe ObLIN OIIPeJiesIeHbl eCTECTBEHHbIE IIPeodpas3o-
Banusi. KoHCIIEKTa HET, HO HUYKe JIJIsi [IOJTHOTHI IIPUBOSATCS KaKUe-TO ODIIME CJIOBA HACYET IIPEeJIEJIOB.
OrpeiesieHne eCTECTBEHHOTO MPEOOPA30BAHUsT MOXKHO HAWTH B JaJibHeimux Jekiusx. Cirymarenn
MOT'YT IIPHUCJIATh CBOU 3allUCKU B I'PYIIly coxeter@googlegroups.com.

Onpenenenue 5.6. JIuarpammoii B kareropun C HasbBaeTcs KoBapuaHTHBIN dyHkTop F: I — C.
Kareropus J na3niBaerca MHAEKCUPYIOIIEii.

B wacrnocTn, econ J — AuCKpeTHast KaTeropusi (HeT HIKaKHX MOP(HU3MOB KPOMe KPOMeE TOXK I€CTBEH-
HBIX), TO 9TO BCE O3HAYAET, 4TO MBI HuuekcupyeM kKiacc Ob(C) apyrum kiaccom Ob( 7).

3ameuanmue. EcrectBennoe npeobpa3oBaHue AByX ArarpaMM MOXKHO CUYATATH MOP(MU3MOM MEXKJy HUMU, U U~
rpaMMbl 06pasyior kareropuio Funct(J, C). Yro 910 BCE TaKoe — CM. HIKE B PA3Jesie «2-KATerOPU».

Onpenenenune 5.7. g auarpavmel F': J — C koHycom naszbiBaercs o0bekT C' € Ob(C) Bmecre ¢

cemeiicTeom Mopdmzmor O 255 F(X) mst Beex X € Ob(J), Takum uto st Besikoro Mopdusma X Ly
u3 J ciaenyromas guarpamMma B C KOMMYTATHBHA!

c\
F(X)—— = F(Y)

F(f)
Onpenenenne 5.8. Ilpenesmom muarpammer F: J — C nHasbiBaercs takoil konyc (C, @), 910 1715t

! / - o ;T .
Joboro npyroro komnyca (C'¢") naitmerca emuncrsennbii Mopbusm C’ — C, Takoil 91O Jjisi BCIKOrO
X € Ob(J) BumonHseTcs rpx = @'y:

C/

©x |
I3t
\i

Takum O6pa3OM7 BO3HUKAIOT KOMMYTaTUBHBIC JUarpaMMbL

C’
I
I3ty
Px Y Py
C
Yx Py
F(X FY
(X) —— = F(Y)

Ecin nnjiercupyionias Kareropus J KonedHast (CueTHast), TO U IPe/iesl Ha3bIBAIOT KOHEYHBIM (CHETHBIM).

1. Ecim J — kareropust 6e3 00bEKTOB, TO JJIst BCAKOI KaTeropun C CyIIEeCTBYeT eUHCTBEHHAS ILyCTast
auarpamma J — C. Konyc maz takoil auarpamMmoii — 3ro upocro oobekr X € Ob(C). Ilpenen
IIyCTOI AuarpaMMbl — 3TO YHUBEPCAJbHBIN MTPUTATUBAIONINN O0HEKT.

2. Ecm J — nuckperHasi Kareropust (Bce CTPEJKH — TOXKJECTBeHHBIE 1x ), To muarpamma J — C
B TOYHOCTH uHJeKcupyeT obbekTbl C. Ilpemen Takoil jguarpaMMbl HA3bIBaeTCs IMTPOU3BEAEHUEM
00bEeKTOB, WHIEKCUPOBaHHBIX J. B wacTHOCTH, TakuM 00pa3oM IOJIyYaeTCsl OIPEJIEIEHHOE DaHee
Hpou3BeeHne napbl 00bekToB u3 .

23



3. BosbmMmeMm Tereph Takyio JguarpaMmy: mycrth J mHAEKCHpyeT B ToYHOCTH Tpu obbekta A, B,C €

Ob(C), n Tonbko nBe cTpeiku A LcuB %o (me cumras TOXKAECTBEHHBIX). IIpemesiom 9ot
JrarpaMmbl GyzieT paccyioenHoe npoussesierne A X o B (pullback):

Ecisiz Temrepb pasBepHyTH CTPEIKH, TO HOJIYIATCH KOKOHYCHI U KOIPEIEIIBL.

Ounpenesnenune 5.9. s nuarpammsr F': J — C kokoHycoM nasbiBaercs obbekT C' € Ob(() BMmecTe ¢

cemeiicrBom Mopdmamos F(X) 2% € mst Beex X € Ob(J), Taxum 4o 115t Besikoro Mopdmsma X Ly
u3 J crenyromas quarpamMma B C KOMMY TATHBHA:

Onpenenenune 5.10. Konpenenom quarpammvel F': 7 — C masbiBaerca Taxoit kokonyc (C, @), 9410 11
so6oro apyroro koxomyca (C', ') maiinercs emmmcrsennsiii Mopdusm C' — €7, Takoii 9TO 1151 BCIKOTO
X € Ob(J) seinonnsiercst px 1 = @'y

F(X)ZsC

I
, I3
Px Y
C’

Takum 006pa3zoM, BOSHUKAIOT KOMMYTATHBHBIE AT PAMMBI

Fx)— D ey
C
e ! Py
31
Y
O/

1. Ecom J — xareropusi 6e3 00beKTOB, TO JjisI BCAKOM Kareropuu C CyIIECTBYeT eIMHCTBEHHAS ITy-
cras guarpamma J — C. Kokonyc Haj Takoi mmarpammoit — 310 mpocto obbekr X € Ob(().
Kompeen mycroit quarpaMMbl — 3TO YHUBEPCAJIBHBINA OTTAJKABAIOIINNA OOHEKT.
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2. Eciu J — nuckperHasi kKareropusi, To jguarpamMma J — C B TOYHOCTH UHIEKCUDPYeT OObeKThI (.
Kompenen takoit quarpaMMbl Ha3bIBA€TCsI KOMPOU3BEAEHNEM O0bEKTOB, NHIEKCUPOBaHHBLIX 7. B
YACTHOCTH, TAKUM 00Pa30M IOJIydaeTCs Olpeje/ieHHOe paHee KOIPOM3BeIeHHE Mapbl 00bEKTOB 13

C.

A B

N
B

U
I
I
Y
.

b/

3!

3. BosbMem Temeph Takymo Jaumarpammy: IycThb J MHIEKCHpyeT B TouHOCTH Tpu obbekta A, B,C €

Ob(C), u Tosnbko nse crpenku C i) AuC%L B (ne cumras ToxkIecTBeHHbIX ). Konpenenom aroit
JIuarpaMmMbl Oyger paccioernoe Konpoussegenne A Ll B (pushout):

c—2 -8B
f X J/sa

5.6 (OOparHble U NpAMbIe HpPeaesIbl

B kauectBe mmumekcupylomeil kareropum J MOXKET BBICTYNIATh YACTUYIHO YIIOPSIOYEHHOE MHOXKECTBO
(J,<) (B kareropun J crpesika i — j Oyuer osuauarb ¢ < j). Torma xoupemen murpammsl F': 7 — C
HA3BIBAETCA MPSMBIM MPeAesioM (MHbEKTUBHBIM MPeIesioM, hgq)

KoHCTPYKIMIO IIPAMOTO TIpeiesia MOKHO IIepecKa3aTh 4yTh HOIpOGHEE.

Omnpenenenne 5.11. HanpaBiieHHbIM MHOXKECTBOM Ha3bIBAETCsI HEILYCTOE YACTUIHO yIIOPSIOI€HHOE
MmHOxkecTBO (J, <), B KOTOPOM JiJIs1 JII0OBIX 4, j € J Haiinercsa k € J, Takoit uro ¢ < k n i < k.

Onpepnesenue 5.12. Ilycrs umeercst HampabieHHoe MHOXKecTBO (J, <) u 3amano cemeiictBo {X;}ics
00bekTOB KaTeropuu C, TaK 9TO BBITOJIHSIOTCS CJIEIYIOIINE CBOWCTBA:

. £
1. JOns seex ¢ < j zagan mopdusm X; — X;.

2. Jlna Beex ¢ < j < k BBITIOJTHEHO

X

Torma roBopsT, 9TO MOP(MOUIMBI f;f obpasyior npsimoe cemeiictBo (directed family).
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Ha mocienueit quarpamme uzobpazken Kokonyc. Ecim B3gaTh Kolpezes 1o HuM (yHUBEpCasbHbI OT-
TAJKHABAIOIIAH KOKOHYC), TO IOJIyIUTCS OOBEKT

X = lim X;.
icJ

— IPSMOM MHPpeJiesi COOTBETCTBYIOIIETO CEMENCTBA 0OObEKTOB U MOP(MU3MOB.

fi

X — s X

J
J
N

X

|

| 3!

Y

[ ]

[Ipocroit mpumep: myctb X; — MHOXKECTBA, YACTUIHO YIIOPHAJLOYEHHBIE 10 BKJIIOYEHUIO, U IIyCTh OHU
06pazyIoT mpsiMoe cemeitcTBo. Torma

@&:U&.
K3

IIpsiMble TpeiesTbl CyIIECTBYIOT B KaTeropuu Abh abeyeBbix Tpynn u Boobme B KaTeropuu R-Mod
MOJLyJIEIl HAJT KOJIBIIOM.

Eciu, Kax u BblIIlle, HHJIEKCUPYIONIas KaTeropus J siBIsSeTCs YaCTHIHO YIOPSJOU€HHBIM MHOYKECTBOM,
TO TpeJed guarpaMmel i J* — C Ha3biBaeTcs OOpaTHBIM NPEaesioM (MPOEKTUBHBIM IIPEIEJIOM,
lim). 9T0 MOXKHO onmcaTh HozpobHee.

Onpeznesnenne 5.13. Ilycrs umeerca nanpasiennoe MuoxkectBo (J, <) u 3amano cemeiictBo {X;}ics
00beKTOB Kareropun C, TaK YTO BBIIOJHSAIOTCS CJIEIYIONINe CBOMCTBA:
o X 7l X
1. Jna seex ¢ < j 3aman Mopdusm X; — X;.

2. Jlna Beex ¢ < j < k BBITIOJHEHO

k rJj k
f] fzj: 70
le =1lx,.

Torza rosopst, uTo MopdusMbl f; 06pasyor o6paTHoe ceMmeiicTBo (inverse family).

Ha nocsienneit quarpamme n3obpazken KoHyc. Eciu B3aTh npezes 110 HuM (YHUBEPCAJIbHBII IIPUTTU-
BAIOIIU{l KOHYC), TO HOJIYIUTCH 00BEKT

ieJ

— 0oOpaTHBIN Mpeiesl COOTBETCTBYIONIETO ceMeiicTBA 00bHEKTOB 1 MOP(U3IMOB.

26



[}
|
31
\
X
YN
; X;

fi

X;

OGpaTHBIe IPe/IeIIbI CYIIECTBYIOT B KATeropur rpymi Grp, kareropun R-Mod vosyneit HaJ| KOJIbIOM,
a TakKe B KaTeropuu xoser Ring.

CkazkeM, B KaTeropun Grp sTo onuchiBaercs Tak. Ilycrs 3asana obparnas cucrema rpyun G;. Boss-
MmeM ux npoussenenne G = [[ G; u paccMOTPUM MHOXKECTBO JIEMEHTOB

I = {(z:)iec, | ] (z;) = ;i nna Beex i < j}.
Moxuo ybemurbes, uro I' < G — moarpymma. 9To U eCTh 0OPATHBINA TPEIes mGl Amnasornano

ycTpoeH obpaTHEl npeger B R-Mod u Ring.

o Dukcupyem mpocroe 4uciao p. s Beakux m < N CYIIECTBYET KAHOHUYECKHI CIOPHEKTUBHBIN
roMoMopdU3M KOJIe]

frnZ/p"7 — Z/p™ 7.

OO6TpaTHBII IpeesT TAKOM CUCTEMBbI

Ha3bIBa€TCAd KOJIBIIOM p-aIUYIE€CKUX YHCeJI.

e Jlna Bcakux m < m CyIIECTBYET KAHOHUYECKUN TOMOMOPMU3IM KOJIell

St BIE/(8") = Kle]/(E™).

Konbiio hopMaabHBIX CTEMEHHBIX PIIOB OT ¢ eCTh OOpaTHBIN Mpeaes TaKOoi CHCTeMBbI:
k[[t]] = Lim K[t]/(£").

6 /lomosHuTesIbHBbIE TPUMEPHI IIPON3BE/IeHNI B PA3JINIHBIX KaTe-
ropusix

6.1 IIpousBemenue B kKareropum Set,

B kateropuu Set, npsMoe TIPOU3BECHIE YCTPOCHO TaK:
(X,z) x (Y,y) = (X XY /~, (2,¥)),
rjJge ~ — OTHOIIEHUE SKBUBAJIEHTHOCTHU, IMOPO2KJICHHOE OTHOIIIEHUEM
(u,v) ~ (w,2),ecIn 4 =W =2 WKV = 2 = .

Hampuwmep, eciin B34TH J1Be OKPYKHOCTH C OTMEYEHHOM TOYKOM, TO UX MPAMOE IIPOU3BEIEHUE — TOP.
Jlasiee oTHOIIIEHNE ~ TOBOPUT HAM, YTO HY?KHO CTSHYTh B TOUKY IapaJuieib u Mepuaua. Ilocse sroro
TOTIOJIOTHIECKHU TIOJIYIUTCs chepa.
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6.2 @DOYyHKTOPUAJIBHOCTH ITPSIMOro NMPOu3BeAEHUSA

Baxxno, uTo npsimoe mpousseieHne GyHKTOPHAIBLHO. 10 eCTh, ecjid IPeIIoIoKATh, YTO B KaTeropuu
CYIIECTBYIOT BCE€ KOHEYHBIE TTPOU3BEICHUsI, TO MBI IMEeM (PyHKMOp

CxC — C,
(X,Y) ~ XxY,

ULx, vesy) - Uxv % xxy

B uacTHOCTH, IpsIMOE TIpOM3BeieHNe (PYHKTOPUAJIBHO B KATErOPUH Set, B OTJInYue OT omepanuii N u
N
U. (Yro 6wt tora smaumio U NV 22% X nY?)

6.3 IlpousBeneHme B KAaTEropmm METPUYECKUX MPOCTPAHCTB

KaTEI"OpI/IH MEeTpHNYIeCKUX IIPOCTPAHCTB NMeEET B KalueCTBe 00 BEKTOB MeTpHu4deCKue 1mmpocTpaHCTBa (B
OOBLIYHOM HOHI/IIVIaHI/II/I)7 a CTPEJIKU MOT'YT BBOAUTHCA PA3JIMIHBIM 0612)3301\/17 B 3aBUCHMOCTH OT KOHTEKCTa.:

1. Cxkumaromnime orodbpakeHus, T.e. Takue X i) Y, uro nna Beex z,y € X
dy (f(x), f(y)) < dx (z,y).
Msomopdusmamu B Takol kareropun GyayT u3oMeTpun (GHEKINN, COXPAHSIONINE PACCTOSHNS ).

2. JlunmuieBbl oTOOpa>keHusl, T.e. Takue X ER Y, miga xoropeix Haitnerca koncranta C = C(f),
Takas |uTO JIJIs BCeX &,y € X

dy (f(z), f(y)) < C-dx(x,y).

M3omopdusmMbl B TaKoil KaTeropun — 3TO OMJIUOIIAIIEBBI OTOOPa>KeHUd, T.e. Te, JIs KOTOPBIX
BBITIOJTHSIETCS

C1-dx(z,y) <dy(f(z), f(y)) < C2-dx(z,y).

3. T'énbaepoBbl oTOOpaXkeHus, T.e. Takue X i> Y, nst koropbix Hafimercss koncranta C = C(f)
ua=af) <1, takas uro Juisi Beex T,y € X

dY(f(‘T)v f(y)) <C- dx(l', y)a.

[IpoussemennemM B KaTeropuu METPUIECKUX IIPOCTPAHCTB OyI€T METPUIECKOE IIPOCTPAHCTBO

(X7 dX) X (K dY) = (X X YvdXXY>7

r7e Ha pojib dx xy MOTYT IOJONTH CYIIECTBEHHO Pa3HbIE METPUKMU:

dxxy (@1,91), (2,42)) = (dx (21, 22)C + dy (y1,42)°) /€.

e IIpu C' = 1 nonyuaercs taxi-cab metric (ManxsTTEeHCKAs):

dxxy (z1,91), (z2,92)) = dx(x1,22) + dy (y1,Y2).

e [Ipu C = oo nosxyuaercs merpuka debbinéna:

dxxy((x1,91), (22,92)) = max{dx (v1,22), dy(y1,y2)}
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e IIpu C = 2 nonyyaercs EBKiinoBa meTpuka:

dxxy ((x1,51), (T2,92)) = Vdx(z1,72)2 + dy (y1,y0)>.

VYuopaxknaenue 6.1. Kakyo u3 smur Mempur HYHCHO 63AMb OAA NPAMO20 NPOU3BEIEHUA 8 KAME20PUU
MEMPUHECKUT NPOCMPAHCNE U COHCUMANOWUT 0MOobpasiceruts?

YupaxkHenue 6.2. B xamez0puu MEMPUYECKUT NPOCTPAHCNE U AUNWUUESDIT 0MOOPaHceRUli 6ce Imu

MEMPUKY, NOOLOIAM ONA NPAMO20 NPOUSBEOEHUS, U OHU ABAAIOMCA USOMOPHHOLMU.

6.4 TIIpoussenenus B Kareropumu Ord u LOrd

Ord — 3T0 KaTeropus YaCTHIHO YHOPSIOUEHHBIX MHOXKecTB. LOrd — KaTeropus JIMHEHHO yHOPSI0YeH-
HBIX MHOXKECTB (fobassserca akcuoma VaVyVz x <yVar =y Vy < x).
IIpoussenenue B kareropun Ord BBITISIAT TaK:

(Xa SX) X (K SY) = (X X ng)v

rjae

(x1,01) < (x2,92) <= =1 <y uy1 < Y.

Cwm. kaury Bupkeopp, Teopus cmpyxmyp.
Kompoussenenne s xareropun Ord BBITTIAIAT TAK:

re

z,w€e€ Xmz<xw,

z<w <=
- {z,wEYI/Iz<yw.

Vuopaxkuernne 6.3. Cywecmsyiom au npoussedenus u xonpouseederus 6 xamezopuu, LOrd ?

B kauecTse KaHINJTaTOB Ha IIOPAJOK MO2KHO PaCCMOTPETDH

e Jlekcukorpadpudeckuii mopsaaok na X X Y:

(z1,91) < (22,92) <= 21 <22V (z1 =22 A1 < Yo).

e TTopsiaok opanHaabHOM cyMMbI Ha X LIY:

z,w e X nz<xw,
z<w <= z,2w €Y u z <y w,
ze X,weY.

OpaunasibHasi cymMMa He KoMMyTaTubHa. Hanpumep, 1 +w u w + 1, rie w — nopsigkossiit Tun N,
ABJIAIOTCS PA3HBIMU OPJIMHAJIAMU.

6.5 IlpomsBeneHusi B kKareropuu Comp‘fop

CyuiecrBoBaHne Mpou3BeieHnil 1 Konpousseaenuii B kareropun CompIop KOMIAKTHBIX XayCcI0pdOBBIX
TOIIOJIOTMYECKUX IIPOCTPAHCTB — ITO JBE 3HAMEHUTDbIEC TEOPEMBI.

e Teopema TuxonoBa:

H Top X = H CompTop Xi.

i€l i€l
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e Teopema Croyna—Yexa:

H Top Kommnakrudukanus Texa i X; = H CompTop Xi-
i€l i€l

6.6 Ilpoussenenus B kKareropuu DAb

Kareropus DAb nuddepennmaibHbix abeseBbIX TPYNN HMeeT B KadecTBe 00bexToB (A, d), re

A € Ob(4bh), a A LNy muddepennmal, To ecTh Takoe oTobpakeHne, uTo d2 = 0, MHAYe TOBOP,
imd < kerd.

Daxroprpyuna H(A,d) := ker(d)/im(d) naspiBaercst rpynmnoii roMoJIOrHii.

Mopduzmamu B Kareropun DAD ABIAIOTCA CTPEJKH, KOMMYTHPYIOIIHE ¢ AuddepeHITIaIaMu:

(A,d4) L (B, dp)

.

da dp

A <

N 1
f
fda=dgf.

VYupaxkuenue 6.4. Onucamn npouseedenus u xonpoudsedenus 6 xamezopuu DAB.

6.7 Kopaccioennble npousse/ieHusi B Kareropuu Grp

B KaTeropuu rpyIil CymeCTBYIOT IIPOU3BOJIbHbIE KOPaCC/IOEHHBbIE ITPONU3BEACHUA.
Msm1 y2ke paccMaTpuBaii CBOOOIHOE ITPOU3BE/IEHNE.
—H

1
G *
Hanpumep, Cy * C3 22 PSLy(Z).

DTO YaCTHBIN CJIydail KOPACCJTOEHHOTI'O TTPOU3BEIEHUSI.

G

- H

F———H

L

GHH*FG

Hanpuwmep, Cy xc, Cg = SLy(Z). Cm. kuury Jean-Pierre Serre, Trees.

Dra KOHCTPyKIus HasbiBaercs amalgamated product (cBobomHoe mpousBeneHune ¢ obbesu-
HenHoli moarpynmnoi). Jna FF < G u F < H snemenramu H xp G aBISIOTCA KJIaCChl CJIOB BUJA
T1To- - Ts, 0O T; € H mnu G. Ha Hux BBOOATCSA Takue »Ke OTHOIIEHUS, YTO U B CBOOOIHOM IIPOU3BEIE-
unn H G, u emre 106aBIISIIOTCS OTHOIIEHUST

i)t =1,

e i: F'— G, j: F — H — coorBercrByomnue Bioxkenus F, u f € F.
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7 EcrecTBeHHBbIe IpeoOpa3oBaHMUsI

Omnpenenenne 7.1. EcrecTtBeHHOEe npeobpa3oBanue T Mexay dyuakropavu F,G: C — D conocras-
nser KaxaoMy obbekty X € Ob(C) mopdusm F(X) X% G(X) (B kareropuu D), Tak 4TO JIsi BCIKOTO

mopduzma X Ly (B xareropun C) cemyomast AuarpaMMa KOMMYTATHBHA!

F(X) > G(X)

F(f)l lG(f)

FY) —~G(Y)

O6oznauenne: 7: F' = G.

Jist ecrecTBEHHBIX IPeOOPA3OBAHMIT MOXKHO BBECTH KOMIIO3UIMIO (/1a2Ke IBYMsl DA3HBIMU CIIOCODAMN).
006 3TOM CM. HUXKE Pa3IEI «2-KATEropum».

7.1 Ilpumep: ecTrecTBeHHbIII N30MOP(U3M BEKTOPHBIX MPOCTPAHCTB V** =V
KaK U3BECTHO, KOHEYHOMEPHOE BEKTOPHOE IIPOCTPAaHCTBO I/I3OI\/IOpCbHO CBOEMY ﬂBOﬁCTBeHHOMy:

Hom(V, k) = V* 2 V.

Ho sTor nzomopdusm He siBisiercst ectecTBeHHBIM! Y HAC MMeeTCsl KOHTPABAPUAHTHBIN (DYHKTOD

Vo~V
f * f* *
U=V ~ VF—=U"
V aBisierca 0ObEeKTOM B KATEropuu vecty KOHeqHOMeprIXEI BEKTOPHBIX IIPOCTPAHCTB HAT k, a V* —
00bekTOM deoticmeennoti Kareropun. Jlayke HaJ OJIEM CJIe/IyeT Pa3IndaTh JeBble U IPaBble BEKTOPHBIE
[IPOCTPAHCTBA.

Nzomopdusm V** =2V yike ecrecTBEHHBIN. A MMEHHO, KOBapuaHTHBIN (byHKTOp V ~> V** ecrecTBen-
HO 9KBUBAJICHTEH TOXKJeCTBEHHOMY (DYHKTODY 1y, -

8 2-kareropum

s ecTecTBEHHBIX TTPEOOpa30BaHUIT MOYKHO BBECTH J[B€ KOMITO3UIINN: BEPTUKAIBHYIO O M TOPU30HTAIb-
HYIO O.
8.1 BepTukasbHasi KOMOO3UIMS €CTECTBEHHBIX ITpeobpa3oBaHmii

Omnpenenenne 8.1. Eciau mmerorcst ecrecrBennble mpeobpasoBanus o: F = G u 7: G = H mexuy
dyuxropamu F,G, H: C — D, To st HUX Olpejie/ieHa BepTUKAJIbHAasi Kommo3unusi 0 O 7: F = H.

1He nyrars ¢ magkaTeropueit ‘Vect;, BEKTOPHBIX IPOCTPAHCTB HaJ K.
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Fx) 2 Py

)
Tl
, ox oy
/ G(f)
)
TY

|

(cOT)x =1 G(X GY

\
N
* H(f)

) =(cT)y
7(x) 2 my)

~
N
N
\
|
/
/
7
~

(cOT)x
—

F(X) H(X):=FX)Z G(X) 5 H(X).

VYupaxkaenue 8.1 (AcconuarusHoCTh BepTUKAJbHON KOoMmozunuu). Ilokazamo, wmo s mpexr ecme-
. 4 q T
cmeennvx npeobpazosanuti F' = G = H = 1

(PO OT=pD(cDT).

~ <:\] é<:> Q <:73 !

a
VYupaxkaeune 8.2. Jlaa ecmecmseennozo npeobpasosarus F = G

lprQo=00Qlg =o0.

Onpegenenne 8.2. s kareropuit C u D «xareropusi» D := Funct(C, D) umeer B KauecTBe 00bEK-
toB dpyHKTOpPEL C — D, a B KauecTBe MOP(PU3IMOB — €CTeCTBEHHbIE IIPeobpa3oBanusa PyHKTOPOB

HomFunct(Cﬂ)) (F7 G) = Nat(Fv G)

B kauecTBe KOMIO3UIIE MOPGMU3MOB UCHOJIb3yeTcss .
B kauecTBe eIMHMYIHBIX MOP(MU3MOB BBICTYIIAIOT TOXKIECTBEHHBIE €CTeCTBEHHbBIE ITpeobpa3oBanus 1y €

Nat(F, F).

Nat(F, G) ne obpasyer MHOKECTBO U Jlaze Kjacc, noaromy Funct(C, D) — 310 He yecTHAS KATEIOPUSL.
Ho eciiu C — magsag xareropus, to Funct(C, D) — xareropus. Eciu C u D — masble KaTeropuu, T
Funct(C, D) — roxke Majast Kareropusi.

8.2 TopuzoHTa/IbHAsg KOMIIO3UIAsI €CTECTBEHHBIX ITPeoOpa30oBaHMA

Onpegenenne 8.3. IlycTs nMeroTcs ecrecTBeHHbIe Mpeobpasopanus F = G, H = I mexy dbyHKTOpa-

F,G H,I
vu C —— D u D —— E. Torma MbI OlpeIe/INM UX TOPU3OHTAJBHYIO KoMmno3unuw F H 2% G T

F H FH

C/Uﬂ\*@fﬂ\f ~ Ca/erﬂ\f

Crpenka FH(X) ox, qr (X) mosydaeTcst CIeAyIOmuM 06pasoM:
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FH(X) ) aH(X)

~N

N (a'@'r)x
TF(X) ~ TG(X)
~
A

FI(X) GI(X)

I(ox)
(coT1)x =H(ox)oTax) = Trx) © I(ox).

VYupasknaenue 8.3. ITocmpoumv ecmecmeentiti xeadpam oas o © T.

Vnparkuenne 8.4 (AcconuaruBHOCTb FOPU3OHTAIBLHON KOMIIO3UIMK). [lokazamy, wmo 0as mpexr ecme-

cMeeHHuLT npeobpasosanuli p, o, T

(poo)oT=po(ceT)

Vupaxkuenue 8.5. /s ecmecmesennozo npeobpasosanus F = G
lpoc=061¢g=o0.

8.3 Omnpenesienune 2-KaTeropun

HyCTb UMeeTCd C,Heﬂ‘yIOH_[aﬂ ,mxIanaMMa:
ﬂ\ /\
v \/
MO}KHO B34dTH CHa4daJla BepTI/IKaJ'H)H])Ie KOI\/IHO?)I/IU;I/II/I, a IIOTOM FOpI/I3OHTa.HbHyIO:

ﬂ\/\ o TN

Ay C p(DU\H/ D T@wﬂ E (pDo)O(TOw)
H K
HK

Moo HaO6OpOT7 Ha4vaTb C TOPU3OHTAJIbHBIX KOI\/IHO3I/II_II/II71, a IIOTOM B34Tb BEPTHUKAJIBHYIO:

2-aCCOI_II/IaTI/IBHOCTI)IO Ha3bIBaeTCA YCJIOBHE

<—|Q<—=|m

T

<= Q<
@\4¢~

T
=

LI PR
=<~

T
=

(pDo)e(TOw)=(po7)0(0OW).
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Onpenenenue 8.4. 2-Kareropus 3aJaeTCst
e oObeKTaMu,
F
e mopdusmamu C — D mexnay oobektamu C u D,
T F.G
e 2-mopdusmamu F = G mexay mopdbusmamu C —— D,
e TpeMsi KOMIIO3UITUSAMU: O Jjisi MOPDU3MOB; BEPTUKAJIHHON (O ¥ TOPU3OHTAIBHON O [1J1s1 2-MOPGMU3MOB.
IIpu sTom

e Pazymmunble MHOXKeCTBa MOP(DU3MOB (2-MOP(DU3MOB) He IIEePeCceKarOTCsl.
o Jls Kaxkj10r0 00bekTa C 3aJIaH TOXKJICCTBEHHBIN MOpdu3M 1.

o Jlsa kaxkjoro Mopdusma F' 3a7aH TOXKIECTBEHHBIN 2-Mopdusm 1p.

BBIMOHSIOTCST YeThIpe 3aKOHA ACCONMATHBHOCTU (ACCOIMATUBHOCTH O, ACCOIMATUBHOCTD O, acco-
UATUBHOCTH (; 2-ACCOIMATHBHOCTB):

(FoG)oH =Fo(GoH), (1)
(pDo) DT =p (0O tau), 2)
(poo)oT=p6 (0O tau), (3)
(pDo)e(tOw)=(peT)0(cOw). (4)

OcCHOBHOIT IPIMED — ITO 2-KATErOPHsi, COCTOSAINA I3 KaTeropuii, GyHKTOPOB M €CTECTBEHHBIX TPE0D-
pasoBaHuii Mexxny HUMH. (PasinaHbe TEOPETUKO-MHOXKECTBEHHBIE BOIIPOCHI, CBSI3aHHBIE C OIPEIeJIeHIEM
2-KaTeropuu, Mbl 3/1€Ch He 00CYKIAeM. )

O 2-karTeropusix u N-KaTeropusx MOXKHO IIPOUUTATH MO CChUIKaM C joMaliHel crpanuns! J1x. Baeza:
http://math.ucr.edu/home/baez/.

9 Jlemma HMoHenb:

Hycrs C — xareropus, X € Ob(C), u F: C — Set — xosapuanTubiii dyukrop. Bosnukaer 3amaqa:
onmcaTh ecTecTBeHHbIe Ipeobpasopanust Homq (X, ) = F.

Teopema 9.1 (Jlemma Uonensr). Bee ecmecmeennvie npeobpasosanua Home (X, ) = F naxodames 6o
63AUMHO 00HO3HAUWHOM coomeememeuy, ¢ aremermamu © € F(X).

Loxazameavcmeo. 1. Ecau 3amano ecrecrBennoe npeobpaszosanue 7: Hom(X, ) = F, To paccmor-
pum orobpaernue Home(X, X) =5 F(X). Ero snauenuenm na snemente 1y € Homq(X, X) 6ymer
HEKOTOpBIiT asieMenT x € F(X):

xXr = Tx(lx).

2. Ecan 3aman snement x € F(X), To onpesennm ecrectennoe npeobpaszosanue 7: Homo (X, <) = F.
Hns kaxzgoro Y € Ob(C) 3amanum orobpazkeHne

Homq(X,Y) =5 F(Y),
xLy = F).

IIpoBepuM eCTECTBEHHOCT:
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Hom(X,Y) = F(Y) fr———F(f)(2)

Homc(&ﬂ)l lF(g) 1{ I

Hom¢(X, Z) —— F(Z) fa

3. Yb6emumcs, 9TO ompeaeeHHbIe COTOCTABICHNS B3aUMHO OOpaTHBIE.

e Diementy x € F(X) cooTBeTCTByeT ecTecTBEHHOE IpeobpasoBanne X Ly F(f)(z). Emy
coorsercriyer anement F(1x)(x) = 1px)(z) = =.

e EcrecrBennomy mpeobpa3oBanuio Ty : X Ly 7y (f) coorBercrByer sement Tx (1x ). Dro-

My JIEMEHTY COOTBETCTBYET €CTECTBEHHOE IIpeoOpasoBaHue wy : X LyorF (Hrx(1x)).

wy (f) = F(f)(rx(1x)) = 7v (Homc(X, f)(1x)) = 7v ().
O

VYupaxkuenue 9.1. Pacemompum X, Y € Ob(C) u moppusm X LY. Toeda dns wasicdozo Z € Ob(C)
UMEEM

Home (Y, 2) 2202 yom (X, Z)
g = fg

1. 9mo ecmecmeennoe npeodpasosanue Home(f,-): Home (Y, ) = Home(X, ).
2. Ecau f — usomoppusm, mo Homp(f,-) — ecmecmesennan 9K6u8aseHmmocmo.

3. Kaoicdoe ecmecmeennoe npeobpazosanue Home(Y, ) = Hom (X, ) umeem eud Home(f,-) das

nexomopozo X i> Y.
4. @ynrmopu Hom (X, ) u Hom(Y, ) ecmecmeento sxsusasenmuos iff X u'Y usomopgo.

5. Komnosuyus mopdusmos [ u g coomeemcmeyem 6epmukasohoti KOMNO3ULUY eCTNECTNEEHHBIT Npe-
obpasosanut Home(f,-) w Home(g, -).

Teopema 9.2 (Jlemma Nonenpi, yrounennas dbopmyamposka). [ycmos C — xamezopus, X € Ob(C),
F: C— Set — pynxmop. Umeemca ecmecmseernan buexyus

Nat(Hom (X, —), F) = F(X).

© a
To ecmbv, OHa eCcCmecmeeHHa OMHOCUMEADHO 3AMEH X 5 X' u omnocumeavno samen F = G:

Nat(Homp(X, —), F) — F(X) Nat(Homp (X, —), F) — F(X)

tome(s-10- | |0 or| |

Nat(Home (X', -), F) — = F(X')  Nat(Home(X, ), G) —> G(X)

Teopema 9.3 (JIemma Monenp, anbrepHaTuBHast $hopMyaupoBka). HUmeromea dea dynrmopa:

N
Funct(C, SBt)X/E\ Set
AR o
E
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E(F,X) = F(X),
N(F,X) := Nat(Homp(X,—),F).

(Ha mopdusmaz smu Gyrkmopo, 3a0aromes ouesudnsim o6pasom.)
. «
Cywecmeyem ecmecmeennoili udomoppusm N = E.

10 ConpsxeHHble (PYHKTOPDI

BcenomanM KoHCTPYKIMIO ¢BOOGOIHON abe/ieBoil rpyIIIb.

X X

|

\

ZX) - —>A 72X —s 4

Bnech X € Ob(Set) u A € Ob(A4b). Ha nepBoit guarpamMme CTpesKa --+ ABISETCS YHUBEPCATBLHBIM
roMoMopdu3MOM, a Ha BTOPOI — IPOCTO KOMITOZHUITHETL.
MpbI BMeeM ecTeCTBeHHYI0 GHEeKITUIo

Homg,: (X,U(A)) = Homg(F(X),A),
X —-U(4d) « F(X)— A,
oTOoDpaKeHme romomMopdu3M

MHOYKECTB abeJIeBbIX I'PYIII

e U: Ab — Set — zabpsatommit dbyukTop, a F: Set — Ab — dynxrop X ~» Z(X)

DTOT IpUMEDP TPUBOJUT HAC K BAYKHOMY MOHSITUIO COMPSI?KEHHBIX (DYHKTOPOB.

Omnpenenenue 10.1. Ilycts mMetorces Berpednble pyakTopsl F' u G na xareropusx D u C:

D C
~—
G

loBopsT, uro F' — jeBbIil conpsi>keHHbIN PYHKTOP K (G, a G — MpaBbIil CONPsi2KeHHbIN (pyHK-
Top K F (o6osnauenne F 4 G), ecin st mobbix X € Ob(D), Y € Ob(C) umeercs Guexius

Hom(F(X),Y) =5 Homp (X, G(Y)),
ecrecTBeHHad 1o X u 10 Y.

f g
EcrecrBennocTs o3HadaeT, 4To s Jioboro Mmopdusma Y — Y/ B kareropun C u mopduzma X' = X
B Kareropuu D BOZHUKAET KOMMYTATUBHAS JUAIPAMMA

Hom(F(X),Y) ——2 Homg (X, G(Y))

l l

HomC(F(X/), Yl) e HOI’Il@(X/, G(Y/))

Xy’

BeprukasibabIe CTPEIKH YCTPOEHBI CJIEAYIONIAM 00Pa30M:

F(g)

F(X') F(X) Y Y’



Nuaue rosops, y nac umerorcs 6udyuakropsl Homgp(—, G(—)) u Hom(F(=),—): D* x C — Set.

Conpsizkerne F' 4 G ecTh X €CTECTBEHHBIN U30MOPQU3M.
Ecm F 4 G, To nmeercs GuekIyst

Hom,(F(X), F(X)) = Homp(X,G(F(X))),

lrxy = oxrx)(lpx)) = nx.

Mopdmam X 255 G(G(X)) cooTBeTCTBYeT eCTeCTBEHHOMY IIpeobpa3oBaHuio 1g 2 F @G. Ono Hasbl-

BaeTCAd €IMHUIIEN COIIPS>KEHUS.
JBoiicTBeHHO, UMeeTCs OUEKITHsT

Homy(G(Y), G(Y))

= Hom(F(G(Y)),Y),
1G(y) —

vaw)y(lawy)) = ey.

€ &
Mopdusm F(G(Y)) == Y cooTsercTByeT ecrecTBeHHOMY Tipeobpazopanmio G F' = 15. OHO Ha3bI-
BaeTcss KOCAWHUIEH CONMPSI>KEHMUSI.
VYupaxkaenue 10.1. Caedyrowee ecmecmeennoe npeobpazosanue A6AAEMCA MOHCOCCTNEEHHBLM.:

F2O pop eSS g

1p F F GF
TR TR 0N N
D nﬂ Q)]lFﬂ C Q)]IFH, C EH/ C
FG F F 1.

VYupaxknaeuue 10.2. Fcou F 4G u F 4 H, mo G u H usomopgdrot.

10.1 IIpumepsbl cONps>KEHHBIX (PYHKTOPOB
1. Imeem ecTecTBEHHYIO OUEKITUIO

Homg,: (B x A, C) = Homg,; (B, Homg,: (A4, C)).

—XxA
=\

Set Set
~—
Homﬁet(A7_)

— x A 4 Homg, (4, —).
9TO0 BepHO it JIIOOOI KaTeropuu, B KOTOPOH CYIIECTBYIOT KOHEUHBIE IPON3BEICHUS.

2. PaccmoTpuM 71Ba BCTpeUHBIX (PYHKTOPA
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3necy U — zabwiBaromuii dbyHukTop, a F — dynkrop abesmanuzanuu G ~ G/|G, G].

910 yHUBEpCaIbHas KOHCTPYKINA B TOM CMBICJIE, 9TO Besakuii Mopdusm G — A B abesieBy IpyIILy
nporyckaercs: gepe3 G,

FAU.

3. PaccmorpuMm 1Ba BeTpedHbIX DYHKTOPA

U
—

M
GTP\‘\E/ on

Baece U — zabpiBaromuit dbyukrop, a F — dyukrop M ~» K(M) u3z monouma M B rpymiy
Iporenpuka K (M).

910 yHHBepcasibHas KOHCTPYKIHSA B TOM CMBIC/IE, 9TO Besakuit Mopdusm M — G B rpymiry mpo-
nyckaercs depes K (M).

FAU.

4. PaccMoTpuM J1Ba, BCTPEUIHBIX (DYHKTOPA

U
=\

Top Set

~——
F

3necs U — zabbiBarontuii pyHkTOp, a F' — QyHKTOP, cHAGKAIOMNIT MHOXKECTBO JIMCKPETHON TOMO-
JIOTHE.

FAU.

5. Ilycrs Comp#Haus — kareropusi KOMIAKTHBIX Xayc0pdOBBIX IPOCTPAHCTB. PaceMoTpuM jiBa BeTped-
HBIX (PYHKTOPA

U

- X\
CompHaus Top
F

Bnecs U — 3abwiBatormumii dysKTOp, a F' — komnakrudukanus Croyna—exa.
FAU.
6. Ilycts Cat — kareropusi MaJIbIX KaTeropuii. PaccMoTpuM BeTpedHble (DYHKTOPBI

U
o N
Cat __ — Set

N S
A

3necy U — 3abbiBaronuii GpyHKTOP, a ) — PYHKTOP KOMIIOHEHT CBHSHOCTVH; D crabx)aeT MHOXKe-
CTBO CTPYKTYPOIl JuCKpeTHO# Kareropuu, a A — Ko;LI/ICerTHofﬂ

4D, DAU, U-A.

206bexTbl X u Y HA3BIBAIOTCA JOCTUMKUMBIMHU, ec/ii B C MMEETCs CBA3BIBAIONIAA MX TeNoYKa MopdbusMos (He 06s3a-
TeJIbHO OJTHOHATIPABJICHHBIX ).
30b(C) := X n Home(z,y) := {(z,y)} (3To HAsBBaeTCcA Takyke KOAMCKPETHBIM T'PYIHOUIOM Haja X).
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f
7. Ilycts X = Y — orobpazkenne MuoxkecTs. MuoxkecTsa noamuoxkects 2% u 2Y gpsiorca karero-
pUSIME, KAK 9aCTHIHO yIOPsiI0o9eHHbIe MHOXKecTBa. C HUMU CBsi3aHbI TpU (DyHKTOPA

S
N
oX M oY

NS

f71

fo(M) = {yeY|f({y}) € M},
im(M) = {f(z)|ze M},
FYUN) = {zeX|f(z)e N}

imH 7t A

Omnpenenenne 10.2. Eciou P u () — 9acTUYHO yIIOPsJOYEHHBIE MHOXKECTBA U MEXKJIy HUMU HMe-
IOTCs COIPSI2KEHHBIE BCTPEYHbIE (DYHKTOPBI

TO 93TO Ha3bIBa€TCA COOTBETCTBUEM I‘aJIya.

IIpu sTom

Fa) 2b < a3 G(b).
8. Iycrs Ring, — Kareropus KoJer ¢ OTMeUeHHoi Toukoit. Paccmorpum jisa BeTpednbix byHKTOpa

U
—

Ring, Ring
~—

F

3necy U — dyHKTOD, 3a0bIBAOIMN OTMEUEHHYIO0 TOUKY, a F — dbyukTop R ~~ (R[z], z).

FAU.

11 DKBUBAJIECHTHOCTb U aHTUIKBUBAJIEHTHOCTbD KaTeI‘Opl/Iﬁ

Beunomuum, uro kareropuu C u D nassiaiorcs uzoMmopdHbiMu (C = D), eciu CylecTByOT KOBapU-
anTable GyHKTOPEL F': C — D u G: D — C, takue yro FG =1, u GF = 1.
C u D unaswiBarorcsa aurTunzomopdubiMu, eciu C = D*.

Ecau ocnaburh 9TH yCI0BUsI, TO TOIYIAETCsI SKBUBAIEHTHOCTb M AHTUIKBUBAJIEHTHOCTD.

Onpepnenenne 11.1. Kareropun C n D HasbiBaoorcst 9kBuBajgeHTHbIMU (C ~ D), eciu CyIeCTBYOT
koBapuaHTHbEe GYHKTOPBL F: C — Du G: D — C, takue uro FG =21, u GF = 1.

B cBoro ouepens FF'G = 1, u G F = 15 o3Ha4aeT, YTO CyIIECTBYIOT €CTECTBEHHBIE IPEOOPA3OBAHUST
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1. 0: FG=1(,0": 10 = F G, takue uro mis kaxzaoro X € Ob(C) numeem

ox: (FG)(X)—= X, oy: X — (FG)(X),

ox oy =lreyx), 0oxox =lx.

2. 7: GF = 1p, 7": 1p = G F, takue uro jyist Kaxaoro X € Ob(D) nmeem

x: (GF)(X)— X, 7%:X — (GF)(X),
/ /
™xTx = lgryx), TxTx=I1x.
SKBI/IBaJIeHTHOCTb KaTeI‘OpI/Iﬁ ABJIdeTCsd OTHOIIIECHNEM 9KBUBAJICHTHOCTU B O6I)ILIHOM CMBICJIE.

Omnpenenenne 11.2. Kareropun C u D naspiBaroTcss aHTUSKBUBAJIEHTHBIMU, eciau C ~ D*.
(nade roBopsi, MOZKHO B OIPEJIEICHUN IKBUBAJCHTHOCTH [OMEHATH KOBAPUAHTHBIE (DYHKTOPHI HA KOH-
TpaBapUAHTHBIE. )

Onpenenenune 11.3. Kareropust C Ha3blBaeTCs CKEJIETHOM, €CJiM B Heil HET HETPUBUAJIBHBIX U30MOP-
dusmos: T.e. juist Beex X, Y € Ob(C) Bumonustercas X Y = X =Y.
CkesteroMm Sk((C) kareropun C Ha3bIBAETC 1I0JIHASA CKeJeTHAs ogKareropus B C, Takas 4To

VX € Ob(C) 3Y € Ob(Sk((C)) X =Y.
Sk(C) cymecTByeT 110 akCHOME BBIGOPa JIst KJIACCOB U €UHCTBEHEH € TOYHOCTHIO J0 U30MOPQHU3MA.
VrBepxkaenne 11.1. Hmeemca ecmecmeennan sxsusanermmnocms C ~ Sk(C).
VYrepxkaenue 11.2. C ~ D iff Sk(C) = Sk(D).

Jloxazameavcmeo. Nmeem Sk(C) =~ C ~ D ~ Sk(D). dna ckeneros uz Sk(C) ~ Sk(D) caeayer Sk(C) =
Sk(D). O

VYreepxkaenue 11.3. C ~ D* iff Sk(C) = Sk(D)* = Sk(D*).
TaxuM 06pa3oM, MBI MOJYUHUJIM €Ile OJHO Olpeje/eH’e SKBUBAJEHTHOCTH. PacCMOTPUM HPUMEPLI

CKeJIeTOB.

11.1 Ckexaer kareropuu Set

Onpenenenune 11.4. Muoxkecrso (X, <) Ha3bIBa€TCs BIIOJIHE YHOPSAOYEHHBIM, €CJIM KAXKIO0€ €ro
KOHEYHOE IIOJIMHOXKECTBO COJEPKUT HAUMEHBIINN 3JIEMEHT.

Jas ecsaxozo mnoorcecmsea X cywecmsyem nopsdok <, maxot wmo (X, <) enoane ynopsdouenmoe.
(10T baKT SKBUBAIEHTEH aKCHOME BHIOODA. )

Omnpenenenne 11.5. MuoxkectBo X Ha3bIBAETCS TPAH3UTUBHBIM, €CJIN

reXnyer = ye X.

MHO>KeCcTBO Ha3bIBAETCS OPAMHAJIOM, €CJIH OHO TPAH3UTUBHO U BIIOJHE YHOPSAJJIOYEHHO MO OTHOIIIE-
HUAIO €.

e Kiacc Bcex OpAUHAJIOB TpaHSHTHBHbeI 1 BIIOJIHE yHOpHLLO‘{GHHbeI.

e Kazxkjioe BIOJIHE yIOpsiZIoueHHOe MHOXKeCTBO (X, <) m30MOpdHO KakoMy-To opjauHaiy (a, €). On
HA3bIBAETCS] HOPSIAKOBBIM THIIOM st (X, <).
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(a,€) = (8,€) if a = B.
o J gBJIAETCSI HAUMEHbIINM Op,H;I/IHaJIOI\/I.

e Ecm o« — opmmnan, to a+ 1 := a U {a} — Toxe opauHad.

Ecin C' — MHOXKeCTBO OPJIMHAJIOB, TO ¢ := |J « €cTh Op/MHAJ ¥ HANMEHbIIIAsI BEPXHSsI TPAHUIIA
acC
opauuajoB u3 C.

OTCIOIL& IIoJIydJaeTcCsd OllMCaHue OPJANHAJIOB: CHadaJla NAYyT KOHE€IHbI€e OPANHAJIbI

0 a,
1 = {@},
2 = {®7{®}}7
3 = {Q’{®}7{®7{®}}}a
n+1 = nU{n}={0,1,...,n—1}.

D10 HaTypaJibHble Yucia. CleayonumM opIuHaJIoM Oy1eT ux obbenHeHre

Wy = {0,1,2,3,...}.

Onpenenenne 11.6. Iia muoxkecrBa X 3a |X| 0603HauaeTCsl HAMMEHBIIHMI OPAUHAI (v, JJIsi KOTOPOTO
(X, <) 2 (a, €).

X =Y B kareropun Set iff | X| = |Y].
Jasbine psj OpAnHAIOB MPOJOJIKAETCS IIEPBBIM HECUETHBIM OPIMHAJIOM
wr =A{a o] <wo}.

U BoODIIIE PEKYPCUBHO OMPEIEISIETCS

w1 = {8 ] 18] = wa}.

Ecou oppmaan « # 0 He upencrasasiercs B Buze S U {8}, To oH HasbBaercs: npeaeabHbIM. JList
[IPEJIEJILHOTO (¢

Wq 1= SUP Wg.
B<a

Onpepesnenne 11.7. KapauHasioM Ha3blBaeTCsl TAKOH OPAUHAI «, 9TO |a] = .

OrnpejiesieHHBIE W, ABJISIIOTCS KApJUHAJIAMU, U JIJIs HUX UCIOJIb3YIOTC 0003HaueHus No, N1, No, . ..

MEI IpephIBaeM SKCKYPC B TEOPHIO MHOYKECTB U BO3BpAIAeMcs K TeopuH KaTeropuil. B kareropun Set
OpJIMHAJBI 06pa3yIoT HoJHyIo noaxareropmio Ordin, mpuyueM 310 ckeser. Taxum obpasoM, Set ~ Ordin.
Anasormano FinSet ~ FinOrdin.

11.2 CkejeTbl KaTeropum ,vect m vecty

Ms1 paccmarpuBaeM KOHEYHOMEPHBIE BEKTODHbBIE IIpOCTPaHCTBa HaJ moseMm k. Kak Bce 3HAIOT, [y HUX
U=V < dimU =dimV.

Mpb1 He nejlaeM pACIpPOCTPAHEHHYIO OIMMOKY U HEe IIyTaeM KaTeropuio JIEBBIX BEKTOPHBIX MHPO-
CTPAHCTB fvect U KaTeropuio IIPaBbIX BEKTOPHBIX IIPOCTPAHCTB vect;. B JeBbIX mpocTpaHcTBaxX

Mopduzmbl kKomnonyiores Kak (z)(p o) = ((z)¢)w, a B npasbix — kak (p o ¥) (z) = (¥ (x)).
s xkaxkgoro n = 0,1,2,... MOXKeM OIPEIETUTD JIEBOE BEKTOPHOE IIPOCTPAHCTBO
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"k={(x1,...,2n) | 2; € k}.

TTosrygaeM 10 IKATErOPHIO JIEBBIX ApA(PMETHYECKIX BEKTOPHBIX MPOCTPAHCTB 1, vect’, B KOTOPBIX
00bekThl — npocrpancTsa "k, a mopdusmel — Hom(™k, k) = M(m,n, k).

wvect ~ poect’

g xkaxgoro n = 0,1,2,... MOKeM OIPeEeNUTh IPABOe BEKTOPHOE IIPOCTPAHCTBO
T
Eti={] | z; € k}.
Tn

Onm 06pasyIoT MOJIKATErOpHIO Vect.
wvect® u vectg — 9TO CKEeJIEThI KATEropuil  vect u vecty, M MOXKHO IOCTPOUTH aHTUA30MOPGMU3IM

wvect? —  (vect?)*
mE Lok S k™
u = ux v = TU

B cuny anramsomopdusma ; vect® = (vect%)*, nMeeM aHTUIKBUBAJEHTHOCTD

pvect ~ vecty,.

DTO Ha3BIBAETCS ABOMCTBEHHOCTBHIO AJifi KOHEYHOMEPHBIX BEKTOPHBIX MPOCTPAHCTB.

JIBOICTBEHHOCTh MOYKHO IIOCTPOUTH, He obpamasich K ckejeraM. Ilycrs V' — seBoe k-BekTopmoe mpo-
crpancTBo, a V* := Hom(V, k) — nBoiicrBentoe npasoe k-BeKTOpHOE IPOCTPaHCTBO. Tora aHTHIKBUBA-
JIEHTHOCTD 3a/Ia€TCsT TaK:

rae f*in = fo.

AN
AN

Fng n
k
17151 KOHEIHOMEPHBIX ITPOCTPAHCTB CYIIECTBYET eCTeCTBEHHBIN m3oMopdusm V** = V. 3eck 3Be3/104-
KU * 0003HAYAIOT JBa Pa3sHbIX dhyHKTOpa: F': vect — vecty, u G: vecty — pvect, Takux 910 F'G = 1, yprt
uGF =1y,
EcrecrBennoro nzomopdusma mexiay V* u V' we cywecmseyem, 1 OH BOSHUKAET TOJIBKO IIPU 3aMeHe
KaTeropumu.

e * =V B KaTeropuu KOHEYHOMEPHbBIX BEKTOPHBIX MPOCTPAHCTB ¢ (PUKCUPOBAHHBIM Da-
3KCOM.

e /¥ 2 V B KaTeropum KOHEYHOMEPHBIX BEKTOPHBIX MPOCTPAHCTB C HEBBIPO2KIAEHHBIMU
omsnHeHbIMU (PpOpMaMM.

B neit obbekramn sipisitorest napsl (V, By), tie By: V x V. — k — OGuiuneiinas dbopma, Jyist
KOTOPO# BBIMIOJIHSETCS yCJIOBUE HEBBIPOKICHHOCTH:

u# 0= Jv B(u,v) #0,
v # 0= Ju B(u,v) #0.
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Mopdusmer f: (U, By) — (V, By) — 1o juneiinsle orobpaxenus U — V| KOTopble COXpaHSIOT
OnHeiHbIe (POPMBI:

U><U4>V><V

N

By (u,v) = By (f(u), f(v)).

Mszomopduzm V* = V' naer orobpazxkeHnue

vV - VY
u = Bv(u,—).

pra)KHeHI/Ie 11.1. ﬂonucamb MY KOHCMPYKYUIN U NokKa3ambvb eCMecmeeHHoCIb uaomopﬁusma.

11.3 Emie ogHo omnmcaHne 3KBUBAJIEHTHOCTH KaTeropuii

Onpenenenune 11.8. Tna dyuxropa F: C — D u obbexros X, Y € Ob((C) paccmorpum orobpazkenue

Hom(X,Y) — Homp(F(X), F(Y)),
¢ = F(o).

e Eciu 510 orobpazkenne nnbekTuBHO i Beex X u Y, to F' naspiBaercs crporuM (faithful).

e Eciu 5710 0or0obpazkenue cropbeKTuBHO Jjist Bcex X u Y, To F HasbiBaercd HOJHBIM (full).

VYrBepxkaeuue 11.4. [Hycmv F: C — D — wosapuarmnvili Gynrmop. OH ABAACMCA IKGUBAAECHIMHO-
cmwio Kamezopud iff

1. F cmpozuti v nosHvd.
2. Has ecarozo Y € Ob(D) cywecmeyem X € Ob(C), maxoti wmo Y = F(X).

HoxkazarenscrBo — Bykyp—Hensuy wim lenpdang-Manun.

JlasibIite MBI PACCMOTPHUM TPHU BaXKHBIX IPUMEPA aHTHIKBUBAJIEHTHOCTH KATErOPHil:

e jBoiicTBeHHOCTD TlOHTpSITHHA,
e addunHbIE ajrebpandecKkue MHOrooOpas3usi,

e Teopus [amya.

11.4 JIBoiictBenHOCTH IloHTpsirMHA

Onpeznesnenue 11.9 (Orro paitep, 1926). G HazbiBaeTCs TOMOJIOrNYECKON rpynIioi, eciu G cHab-
JKeHa TOIOJIOTHel 1 HelPepPhIBHLIM YMHOMKeHHeM (,y) — Ty U B3ATHEM OOPATHOTO 3JIeMEeHTa T — T 1.

Kareropusi ZJopGrp TOIOJIOIIYECKHX TPYIII COCTOUT U3 TONOJIOIMYECKUX IPYII U HEIPEPBIBHBIX IO-
IVIOIVIOp@I/I3I\IOB MeK/1y HUMU. Lcﬂﬁ — KaTeropusd a6€HeBBIX JIOKQJIbHO KOMITAKTHBIX I'DYIIT — ABJIACTCHA
noJmoil noaxareropueit 8 ZopGrp.
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VYreepxkaenue 11.5 (/Ipoiictennocts IlonTpsirnna). Cywecmsyem anmuskeusaieRmHocmb Kameao-
pud

LCAb ~ LCAb”.

Kareropusi KoMmakTHBIX abesesbix rpynn CAb n xareropust (UcKpeTHLIX) abesteBbix rpymmn Ab ss-
NSIOTCS TOMHBIME HoaxaTeropuamu B LCAb. s npoiicteennocTr IIoHTpATHHA BEIBOAUTCA AHTHIKBHBA-
JIEHTHOCTDb

CAab ~ ab".

Oyuxrop " LCAb — LCﬂE*, JAOIUI TBOMCTBEHHOCTH [lOHTpsATHHA, YCTPOEH TaK:

G ~ G := Homugyyg, (G, T),

rae T:={z € C"||z| =1}.
I'pynnosast crpykrypa Ha G — 9TO IOTOYEUHOE IIPOU3BEICHHIE XAPAKTEPOB:

(p¥)(g) == p(g) ¥(9)-

G cHabXKaeTcst TOMOJIOTHEH pABHOMEPHON CXOJIMMOCTH Ha KOMIIAKTHBIX TofaMHOXKecTBax. Ceifyac Mbl
pasbepem, ITO ITO TaKoe.

[Iycrs U — okpectrHocTh 1 B Tomosiorudeckoit rpyie G. Paccmorpum
Us = {(x,y) eGxGlzy ' eU},
Us = {(z,y) eGxG|az'yeU}.
Bazy cucrembl okpy>KeHuii B G 3a71aeT MHOXKECTBO

{Uq4 | U — okpecruocts 1 B G}.

CoorBercrBerno, Ha (G BO3HHKaeT pABHOMEPHAasi CTPYKTYpa.

Onpenenenne 11.10. X HasbiBaeTcsd pAaBHOMEPHBIM HNPOCTPAHCTBOM, €CJIU 33JaHO0 [I0JIMHOXKECTBO
B C X x X okpyKeHuii paBHOMEPHOI CTPYKTYPbI, TAKAX UTO

1. B gaBasiercss yIbTpaduaIbTPOM:

UVeB=UNVeB,

UeB, UCV=VeB.
2. Hust Besixkoro U € B Bumouiasiercss A, C U, rie

Ay i={(z,2) |z € X}.

3. Ina seaxoro U € B maiinerca V € B, takoe aro V' C U, rae

Vii=A{(y,2) | (z,y) €V}

4. Jlnsa Beaxoro U € B naiinerca V € B, takoe aro V -V C U, roe

V.-Vi={(x,y)| Iz € X (z,2),(z,y) € V}.
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Onpexnesnenne 11.11. Oro6paxenue (X, Bx) ER (Y, By ) Ha3bIBaeTCs pABHOMEPHO HEIIPEPBIBHBIM,
eciu iz Besikoro U € By semosnnsierces (f x f)~1(U) € By.

Nnmeem xareropuio Unif paBHOMEPHBIX IPOCTPAHCTB B PABHOMEPHBIX OTOODasKEeHHIL.
Tak KaK MbI IPOCTO BBEJIH JOIOJHUTEIBHYIO CTPYKTYPY, HAIIOMHHAIONLYIO0 OOBIYHYIO TOIIOJIOI'HIO, TO
cymecrsyer 3abbisatomuit byukrop Unif — Top.

Ha sr060it TomoJiorudeckoil rpymme CymecTByeT JBeé paBHOMEPHbBIE CTPYKTYPbI, IIpaBas U JieBasi, HO
J1st abeJieBbIX (M JIOKAJIbHO KOMIIAKTHBIX ) IPYIII OHU COBIIRJIAIOT.

Onpenenenne 11.12. Ilycte X — m000e MHOXKeCTBO, m Y — paBHOMEPHOE MPOCTpPaHCTBO. llycrh
U € By — oxpysxennue. Omnpenesmm Ux C YX x VX

Ux ={(f,9)| f,9: X =Y, VoeX (f(x),g(zx)ecU}

Ux BO3bMeM 32 6a3y cucrembl oKpyskenuii 8 Y X . CoOTBeTCTBYIOIAS TONOIOTHs HABLIBACTCS TOIO-
Jorueii paBHOMEPHOI CXOAuMOCTH Ha Y X .

Omnpenenenue 11.13. TomoJsiorueit cXoaMMOCTH HA KOMIMAKTHBIX ITOJMHOXKECTBAX HA3BIBAETCS
camasi cjabasi TOIIOJIOTUsI, KOTOpas [Py OrpaHudeHnH Besikoe KoMiakTHoe X C G MHAYLMPYET OIIpejie-
JIEHHYIO BBIIIIE TOIIOJIOTHIO Ha, Y X .

VYrBepxkaeuune 11.6 (Teopema [Tourpsruna). Hmeemea ecmecmsernolli U30MopPhum monoso2useckus
2pynn

I
Qy

G

= (9= p()).

CoorBercrByomuii GpyHKTOP Ha CTPEJKAX YCTPOEH TaK:

H ! G
AN
AN
\x/
T
g L A,
o = fo.

o~

910 KBa3uoOpaTHbI caM K cebe KouTpaBapuanTHbiil dyukrop (fg =9 f

~—

IIpumep: T=7Z,7Z =T; R=R.
Eciim G — kommakTHas rpynna, o G — muckperHasi. Eciu G — auckperHasi rpynmna, 70 G — KOM-
makTHasg. e G — koneuyHasi abesieBa rpymmna, o G =2 (G, 0IHAKO 9TO HE €CTECTBEHHbBIH M30MOPHOU3IM

(B TO Bpems Kak m3oMopdusm G =2 (G, KaK Mbl CKa3aJIH, YK€ eCTeCTBEHHbIIT).

11.5 Addunnsie anredbpamvieckue MHOroodopa3us

B pamkax Bcero sToro pazzena, mycTh k — ajaredbpanteckn 3aMKHYTOE TIOJIE.

Onpenesenne 11.14. Ilpocrpancteo Touek A" = {(ai,...,a,) | a1,...,a, € k} HasbBaerca ad-
(UHHBIM TPOCTPAHCTBOM.
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Onpenenenne 11.15. Iycts f1, ..., f¢ € k[z1,...,2,] — MHOrOWIEeHBI OT . IepeMeHHBIX. A DOUHHBIM

anreGpandyeckuM MHorooGpasuem V (f1,..., fy) Ha3bIBAeTCS MHOMKECTBO UX OOIIUX HyJIeii:
. n — — J—
V(fi,-- o fo) ={a€ A" | fi(a) = -+ = fi(a) = 0},

[Tousarno, ¥To BMecTO O0IIUX HYyI€H f1,. .., fr MOXKHO PACCMOTPETh O0IIue Hy/JId MHOTOYJICHOB U3 UIe-
ana I = (f1,..., f¢), nopoxensoro fi, ..., fo. To, a4r0 MBI OrpaHIYNBAEMCH KOHEUHBIM MHOXKECTBOM 13 {
MHOTOYJIEHOB HECYIIECTBEHHO, IOTOMY 9ITO 10 Teopeme ['mibbepra o 6asuce, Besikuii uiaean B k[xq, . .., 2y
SIBJISIETCSI KOHEYHO TIOPOKICHHBIM.

MBI nnMeeM TAKOe COOTBETCTBHE MEXKJLy WjeajaMu B Kojble k[T1,...,Ty,] n abdurHbIMU anreGpan-

YEeCKNMMH MHOI‘OO6paSI/I$IMI/IS

klxy,...,zn] 21 — V(I) C A™

B apyryo cropoHy, MOXKHO COIOCTaBUTH BCsikoMy mogMuHO2KecTBY X C A" mmeast, cocrosrmmumit u3
3aHyIAIOMUXCA Ha X MHOTOYJIEHOB:

I(X):={f € klx1,...,zn] | f(a) =0 nyst BCex a € X }.

IMeem cooTBercTBHE

A" DX — I(X) Ckl[ry,...,x,)

Onpenenenne 11.16. Tomosiormeit 3apuckoro Ha A" Ha3bIBaeTCsi Takasi TOIOJIOIHSI, B KOTOPOM
3aMKHYTBIMU ABJSIOTCS ahduHHbIE ajrebpandecKre MHOTOOOpa3us.

ISve) JIEACTBUATEJIBHO TOIIOJIOTHUA:
o o =V(1), A" = V(0).
o Ecim X1 = V(Il) u X2 = V(IQ), TO X1 U X2 = V(Il . IQ)

e Ecm X, = V(I,) mis cemeiicTa anreSpandeckux MHOr0o6pasuit X, (He 00s13aTeIbHO KOHETHOTO),

rorza (), Xa =V (N, o)

Ha mommmoroobpasuun X C A” BO3HMKAET WH/IYIIMPOBAHHAS TOIIOJIOTHSI.

Bameru™, uro unorpa V(I) naspiBaior ad@dUHHBIM ajgredbpamdecKuM MHOXKECTBOM, a ajreb-
pamdyecKuM MHOToOGpasreM Ha3bIBAETCsl HEIPUBOAMMOe ajrebpamdeckoe MHOXKecTBO. (MHoxkectBo X
HEIMPUBO/INMOE, €CJI ero HeJib3sl IPeJICTaBUTh B BUJE O0bEIMHEHUs] COOCTBEHHBIX 3aMKHYTBIX IO/
muozkecTB X = X7 U Xo.) 3/1€Ch MBI HE CJle/lyeM TAKOH TePMUHOJIOTHUH.

Omnpenenenne 11.17. 3ambikanue 110 3apuckomy st nogMuozkectsa X C A™ ectb anrebpanieckoe
muoroobpasue V(I(X)) = X.

Onpenenenne 11.18. Pagukasom juis uneana I C k[xq, ..., x,| Ha3bBaeTca uaean

Rad(I) := {f € k[z1,...,x,] | f" € I mna mexoroporo r =1,2,...}.
(ITposepbre, 9TO 3TO JEHCTBUTEILHO Uaeat!)

VYreepxkaenue 11.7 (Teopema 'manbepra o nymnsx, Nullstellensatz). Kak u panvuwe, mu npednosazaem,
wmo k — anzebpausecku damrnymoe nose. Jas ecaxozo udeana I C klxy,. .., x,]

I(V(I)) = Rad([).

Nmeercs coorBercTBUE

MakcHMasIbHbIE nxeas m C k[X] < Touka x € X

npocroit upean p C k[X] < 3amkHyTOe moaMHOrooGpasme Y C X

Teopema 0 HyJISIX YCTAHABIMBAET AHTHIKBUBAJEHTHOCTh HEKOTOPBIX Kareropuit. Ceituyac Mbl pazbe-
pemcsl, KakuX.
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Onpenenenune 11.19. Kareropust ﬂﬁ[‘Vark adbUHHBIX aJiredpamvecKnx MHOrooopas3uii nmeer
B KadecTBe OOBEKTOB ajrebpamdeckiue MHOroobpa3us, a B KadecTBe MOPGU3MOB — peryJisipHble 0T0O0-

f
paxkenust X — Y, 10 ectb 0TOOparKeHUsI

X =%,
a — (fi(a),..., fi(a)),
rae f1,..., fe € klx1,. .., z,]. lpuaem mopdusmbr X Ly pacemarpuBaoTes o moayio (X).

B wactrocTH, MHOKecTBO Reg(X, k) perynapubix orobpaykennit Mexkty X u Al ecth KoopauHaTHOE
KOJIBITO

E[X] == klx1, ..., z0]/1(X).

k[X] — s10 KOHEYHO MOpOXKIEHHAs ajrebpa W B HEil HET HETPUBHUAJILHBIX HUJILIIOTEHTOB. Takoii
00beKT Ha3bIiBaeTcs acdppuHHON anredpoii.

f
Ecmu nmeercsa perynsipaoe orobpazkernne X — Y, TO eMy COOTBETCTBYET OTOOpakKeHme adGUHHBIX

anrebp B obparHyio cropony k[Y] EAN k[X].

Y mac mosyunicst kontpasapuantubii bynxrop AffVar, — AffAlg, mexny xareropueit abdunmbx

ajreOpanvIecKux MHOr00Opa3nii ﬂﬁ(‘Vark u KaTeropueit apdUHHBIX aaredp ﬂﬁ(ﬂéq .- Ha camom Jzedie, 510
AHTUIKBUBAJIEHTHOCTb KATEOPHIA.

AffVar, ~ Affaly, .
AHTHSKBUBAIEHTHOCTD CJIELYET U3 TOIO, YTO
o [(V(I)) = I nns papukasnbroro ueana I (rakoro uro I = Rad(I)).

o V(I(X)) =X nysa anrebpamdeckoro MHOrooopasus X.

(Mb1 0b6cy/ i TOJIBKO TO, Kak 10 ajrebpandeckoMy MHOroobpasmuro X nosydaercs: anrebpa k[X], Ho
MOXKHO U CTPOUTH ajredpandeckoe MHOroobpasue mo ajredbpe — 5T0 HECJOKHO TPHUIYMAThH U3 PaCcCKas3a
BBIIIIE WJIM IPOYUTATH B yIeOHUKAX. )

Pekomerntyemble KHUTH 1151 T€X, KTO 3aUHTEPECOBAJICS AJIreOPANIecKoil reoMeTpueii:

e Maiiyic Pun, Aszcebpauveckan secomempus 0As Geex.
e JIseuyn Mamdopa, Kpacras knuza 0 MH02000Da3UAT U CTEMALT.
e David Eisenbud, Joe Harris, The Geometry of Schemes.

e Pobun Xaprcxopn, Aazebpauseckas zeomempus.

Addunnas anrebpandeckasi reOMeTpHs HaJ aJredpandecKu 3aMKHYTBIM IT0JIleM — 3TO JaJIeKO He
€JIMHCTBEHHBIH IIPUIMEP TEOPHUH, B KOTOPOH MCIOIB3YeTCsl SKBUBAJEHTHOCTh HEKOTOPOI KaTeropuu reo-
METPHUYECKUX OOBbEKTOB (MHOrOOGpa3mil) M KaTeropuu ajarebpandeckux o6bekToB (Koser / Momyneii /
anaredp ¢ JIONOJHUTEILHON CTPYKTYPOii).
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e MozkHO paboTaTh ¢ HEKOMMYTATHBHBIMH KOJIbIIAMY U PACCMAaTPUBATh JIBOMICTBEHHBIE K HUM O0bEK-
1ol [lonyaaercs HekoMMyTaTuBHAaA ajnredpantveckasi reomerpusi. Cf. http://mathoverflow.
net/questions/10512/theories-of-noncommutative-geometry

e Teopusa I'eabdanga paboraer ¢ JBOINCTBEHHOCTHIO

KOMIIAKTHOE XayciopdoBo MPocTpancTBo X < HOPMHUPOBAHHOE KOJIbIIO KOMIIEKCHBIX dyHkiui C(

TBW: xopoimio 6bl 106aBUTH CCBUIKY HA COOTBETCTBYIONIYIO KHUT'Y MM 0030p (BUAMMO, 3TO BCE
6eper Havas0 U3 http://mi.mathnet.ru/umn7036).

e Diffiety paboraer ¢ 1BOICTBEHHOCTHIO

riankoe MHOroobpasue X < rmmanxas anrebpa C™(X).

06 srom cm. kaury ket Hecrpyes, Inadkue mHoz2000pasus u wabarodaemoie.

11.6 Teopua l'aaya

Teopus Tamya mayuaer pacmmpenus moseil. Mbl MoKa It TPOCTOTHI OyJieM CYMTATh, UTO y HAC BCE
pacimmpenusi Koneunomepusbie, |L : K| < oo.

Onpenenenue 11.20. Pacmupenue noseii L/K naspiBaerca pacumpenueM lasya, ecim ono Hop-
MaJIbHOE U cerapadebHoe.

VYrBepxkaenue 11.8. Paccmompum pacwupernue noaet L/ K. Ecau amo pacwupernue Taaya, mo cyuwe-

cmeyem coomeememesue mexncdy noonoasmu 6 L, codeporcawyumu K, u nodepynnamu 6 epynne Iaaya
Gal(L/K):

K<F<L + H<Gal(L/K),

20e Gal(L/K) — epynna asmomoppusmos, ocmasamowux 1a mecme aaemenmaol K :

Gal(L/K) := Autg (L) :=={p € Aut(L) | ¢|x = 1k}.

CooTBeTcTBHE YCTPOEHO TaK:

L" « H,
F +— QGal(L/F).

L :={zcL|VoecH ¢)=ux}

H <H = L%<pH,

Hust kaxkoro noss K cymiectByer ero ajrebpamdeckoe 3aMbIKaHue K (eJIuHCTBEHHOE ¢ TOU-
HOCTBIO 10 m3omopdusma). Om. Lang, Algebra, V.§2. D10 He 00s3aT€IHHO KOHEYHOE DPACIIUPEHHUE —
sampumep, Qq1,/Q me KoHEUHO.

Onpenenenne 11.21. Tpynma Gal(K) := Gal(K /K ) masbisaercs abcostoTHoit rpynmoii Lamya o
K.
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Hanpuwmep, soranciena Gal(Q,) upu p # 2; upu p = 2 3agada He pemrera. CTPyKTypa IDYIIIbI
Gal(Q) — 310 6osIBINO# BOIIPOC HAYKU.

Omnpenenenne 11.22. Jljisa koHeuHbIX pacimpenuii L /K mozxuo pacemorpers noarpytmst Gal(K /L) <
Gal(K/K) (onn umetor koneunbiit nnjexc). Tomosorueit Kpymia na Gal(K) masesaercs Tonosorus,
B KOTOPOIi 6a30i1 OKpecTHOCTEl euHuIbL CiIyzKaT Takue noarpyst Gal(K/L).

OcuoBHas Teopema Teopuu Lasya B hopme Kpymis ycranaBamBaeT cooOTBETCTBUE

K <L <K ¢ sauxmytsle noarpymms 8 Gal(K).

Onpenenenue 11.23. X nasbiBaercss (G-MHOXKECTBOM, €CJIM Ha HEM 3aJ1aHo JelicrBue G ciieBa, T.e.
orobpaxenne G x X — X, (g,z) — g - x, Takoe 4To

(hg)-z = h-(g-2),
1.z

Mopdusmom G-mHO)KECTB (9KBUBAPUAHTHBIM OTOOPAXKEHUEM ) HA3BIBACTCIA TAKOE 0TOOparKeHue
f: X =Y, aro

flg-z)=g- f(z).
G-Set — 310 Kareropusi G-MHOXKECTB ¥ SKBUBAPUAHTHBIX OTOOPAXKEHUIA.

Onpepnestenne 11.24. Kareropusi rpynmnoBsix aeiicrBuit cocronr u3 nap (G, X), tne X — G-
MHOXKECTBO, U1 MOPGMU3MOB (o X f, IIpU KOTOPBIX CJAEAYIONIAs AAarpaMMa KOMMYTATHBHA:

Gx X —X

ol

HxY ——Y
(ropu30OHTAJILHBIE CTPEJIKU — ITO ACHCTBUS TPy ).

Hac GymyT mHTepecoBaTh KOHeuHble (G-MHOXKeCTBa M HenpepbiBHble JefictBust G X X — X (rme X
cHabXKaeTcs JJUCKPETHOM TOIoJIorueit).

Vreepxkaenue 11.9 (Ocuosras reopema Teopuu Lanya). Cywecmseyem anmuskeueaieHMHOCTNG Ka-
mez2oputi

Top-G-Set ~ Aj.

3neck Ax — Kareropusi cernapabesibHbIX K-ajreop.

TBW: rae srto Bcé mompobuo HamucaHo? ABTOpY KOHCIIEKTa m3BecTHa KuHura Régine et Adrien
Douady, Algebre et théories galoisiennes, Chapitre 5 (Tam BCé Kax pa3 B TEPMUHAX AHTHUIKBUBAJIECHT-
HOCTH KaTeropwuii).

12 Oo6pa3zyomniue u Kooopas3yoline KaTeropuii
Onpegnenenune 12.1. Auement X € Ob((C) naspiBaerca oGpa3yromieil Kareropuu, eciu

1. Oast Besikoro Y € Ob(C) mmeem Hom (X, Y) # @.
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2. loist Besikoit apel pasamaabix Mopdusmos f, g € Hom (Y, Z) cymecrsyer mopdusm h € Hom(X,Y),
Takoit uto h f # hg.

f
h N\
X ——Y Z
~— 7

Ounpenesnenune 12.2. Duement X € Ob((C) HasbiBaeTcss KOOGPA3YIOMIEH KATEropuu, eciau 3T0 obpa-
gytomiasi B C*. To ects,

1. Hnsa seskoro Y € Ob(C) umeem Hom (Y, X) # @.

2. st Besikoii napb! pasiundnabix Mopdusmos f, g € Hom (Y, Z) cymecrByer mopdusm h € Hom(Z, X),
Takoit uto fh # gh.

!
7 N\ h
Y Z ——X
~_<F

B Set koobpasyromeii siiisiercs J0b60e MHOXKecTBO X , Takoe 4To |X| > 2.

B Set, m060e MHOXKECTBO, OTJIMIHOE OT {@}, siBjsieTcst 06pasyomeii.

B vect;, Bcaxoe HemymeBoe BEKTOPHOE TTPOCTPAHCTBO SIBJISIETCS 00pa3yrolieit 1 KooOpa3yIoIeii.

B Grp u Ab obpasyomeit siBsiercst rpynna Z.

e B kareropuu Ab koobpazyiomas — 310 Q/Z.

B kareropun Grp KooGpasyomux HeT (CyIIECTBYIOT IPOCTbIe IPYIIIbI JIFOOOi MOIIHOCTH).

Ocraercst B Ka9eCTBe YIIPAKHEHNS [TO[yMaTh O 00Pa3yIoMNuX 1 KOOOPA3yIOINX B APYTUX KATETOPUX,

naunpumep Zop, CompTop, Ord .

Kareropusi, nBoiicTBeHHAsT K KOHKPETHOU KATErOpHUH, caMa siBJIsIeTC KOHKpeTHoit. Hampumep, nure-
PECHO Y3HATb, KaK BBINIAIUT Kareropus Set”. A umenno, Set” mzomopdHa HEKOTOPOIl HOIKATEIOPHI
Set.

[Iycrts Z — xoobpasyiomas B Set (ob6pasytomiast B Set”). PaccMoTpuM KOHTpaBapuaHTHBIH (ByHKTOD
F: Set — Set

X ~ Map(X,2Z2),
f F(f)
XLy ~ Map®,2) = Map(X, Z).

S /
AN

N
hiS h

VA

X Y

e Ecm X # Y, 1o Map(X, Z) N Map(Y, Z) = &, 10 ectb F'(X) # F(Y).

e Ecin f,g € Map(X,Y) — paznuunsie Mopdusmbl, 70 Haiijercs Takoil mopdusm h € Map(Y, Z),
aro h f # hg, To ectb F(f) # F(g).

F — 370 Bioxkenne, 1 06pa3 3TOro BJIOXKEHHA m3oMopden Set™.
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13 AOGeseBbl KaTeropmun

ToBopsiT, uro 20 mexabpst peus 1Ia 0 abeseBbIX KaTeropusix. KoHcmekTa HeT, HO B JIIOOOM CJIydae,
abeJieBbl KATErOpHUHU IIPeoaraiocs (7) usydars BecHoii. Ciryniaresin MOTYT IIPUCIATH CBOM 3AIICKH
B Ipy1ny coxeter@googlegroups.com.

Ccblikn:
o C. U. lenbdany, FO. V. Manun, Beedenue 6 2omonoeuneckyro aszebpy, 11.85.
e http://ncatlab.org/nlab/show/abelian+category

e http://en.wikipedia.org/wiki/Abelian_category

14 Teopust Tomocosn
Mg HauMHAEM U3y4YaTh TEOPUIO TOMOCOB. [loJie3HbIe HCTOTHUKY:
e P. Tomnbnart, Tonocv.. Kamezoprwvil anaiusd Ao2uky — JJIsi HAUMHAIOINX.
e II. T. /Ixoucron, Teopus monocos — MPOABUHYTOE U3TOKEHUE.
Korma roopsT «Tomocy, ©MeIOT B BUJIY OJIHO U3 JBYX:
1. Tonoc I'porenauka B anrebGpandeckoii reomerpun (Asekcanap I'porennuk, Hauano 60-x).
2. Dnemenrapusbiit Tonoc B Jjoruke (William Lawvere, Myles Tierney, xouer 60-x).

Vcroputieckn moHSITHE TOMOCA IIPOMCXOANT MMEHHO OT ['DOTEHINKA, KOTODBI BBEJI €r0 IIPH OLpee-
JIEHHH 9TaJbHBIX KoroMostoruit cxeM (SGA 4, exposé IV), Ho smemenTapHBIit TOnoc — 310 6oJtee obiree u
60ﬂee IIPOCTOE IIOHATHE. ﬂaﬂbﬂle MbI 6yﬂel\l INOHUMAaTDh I10/[ TOIIOCOM KaK pa3 SJ_[el\/IeHTaprIﬁ TOIIOC, a K
rorocaM I'poren/iiKa BepHEMCSI KaK K OJHOMY U3 IIPHMEPOB.

14.1 OmnpenejieHue 3J1eMeHTAPHOTO TOIIOCa

Wrak, Tomoc — 3T0 Takas KATEropusi, KOTOpasl YAOBJIETBOPSET aKCHOMaM, B HEKOTOPOM CMbICJIe 0000Ia-
IOIIM CBOWCTBa Kareropun Set. A uMeHHO, B Kareropuu Set:

1. MOKHO Ha KATETOPHOM SI3bIKE OIIPEJIEJNTH 00beKThl 0 = & (KaK yHUBEPCAJIBHBIA OTTATKNBAIOINI
o6bexT) nu 1 = {@} (kak yHUBepcanbHBIH IpuTAruBafonmit 06bexT). Kpome Toro, B HEKOTOPOM
CMBICJIE KATEIOPHO XapaKTepu3yoTces N u U, uepe3 PAcCIOeHHOe [IPOU3Be/IHIe U KOIIPOU3BEIeHHE.

XNYe—rsY .

prx i

X——XUY

Kora MBI TOBOPEM O TOM, YTO HEYTO OIMUCHLIBAETCS] HA KATETOPHOM sI3bIKE, MBI, PAa3yMeeTcs, UMe-
€M B BHJLy, 9TO OIIPEJIeJIEHHAS KATErOpHAs KOHCTPYKIWS JTAET HYKHBI O0BEKT ¢ mouHOCmblo 00
UZOMOPPHUIMA.

2. Ortobpaxkennss X — Y obpasyior mHOKecTBO Y~ = Homy, (X,Y), T.e. cHoBa 06bekT Set. Vnbivu
CJIOBAMH, B KATErOPHH HMeeTCsl SKCIIOHEHITIPOBaHue, KoTopoe o X u Y jgaer o0bekT Y X ¢
COOTBETCTBYIOIIUMU CBOHICTBAMU.
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3. CymecrByer kyaccudukarop nogobobekTos ) = {0,1}. 1o o3HAUAET, UTO KAXKIOMY TIOJMHO-
xkectBy Y C X coorercTByeT Mopduszm X X 0.

0, z4Y,
XY(I):{ 1 xiY.

(TToaMHOXKECTBO — ITO HE KATErOPHOE HOHATHE, HO MOpMU3M — y2Ke Kareropuoe!)

Ceituac MBI TIOJlyMaeM HaJ TeM, KaK 9TU CBOWCTBA MOXKHO 1epepaboTarh B HAOOP aKCHOM, MMEFOIIIX
CMBICJT HE TOJIBKO JJIsi Set, HO U Jjis MPOW3BOJIbHON KaTeropun C. DTO u OyIeT ompe/iesieHue TOIoCa.

Bo-niepBbix, morpebyem, 94Tobbl B C CYIIECTBOBAIM BCE KOHEUHBIE TPEEIbl U KOMPEJIE/Ibl. DTO paB-
HOCHJIBHO CYIIECTBOBAHHUIO YHUBEPCAJIHLHOIO OTTAJIKABAIONETO 00beKkTa 0 1 YHUBEPCAIBHOIO IPUTSATUBA-
fo1ero oobekTa 1, a TakyKe KOHEUHBIX PACCJIOEHHBIX MPOU3BEICHUI M KOITPOU3BEIEHUIA.

B kareropun Set cyiiecTByer ecreCTBeHHasI OMEKIHs

Map(Z, Map(X,Y)) = Map(Z x X,Y).

A unmenno, dynkimn z — (g.: X — Y) moxuO conocraputh dyHKIMO (2,2) — g, (x). Ilonobroe
MOXKHO OIIPEJIeJIUTD JJIsl IPOU3BOJIBHON Kareropun C:

Onpepnestenne 14.1. Topopsit, 4TO B KATEropuu CyIIeCTBYeT SKCIIOHEHIIMPOBAHME, €CJIU B HEl Cy-
IIECTBYIOT KOHEUYHbIe PON3BEJIEHUS U KOIPOU3BEJIEHUs, U i JII00bIX JIBYX 00bekToB X, Y € Ob(C)
cymectsyer 06bekT Y X € Ob(C), Takoit uro my1s Beex Z € Ob((C) BOZHUKAET ecTeCTBeHHAS OUEKTIHsT

Hom(Z,YX) = Homq(Z x X,Y).

Ecim o6bexT YX cymecrsyer, To OH eJMHCTBEHHBIH ¢ TOYHOCTBIO JI0 N30MOPMU3MA.
Ecrectpennyio 6uexmmo Home(Z,YX) = Homp(Z x X,Y) MOXKHO TOJYYHTH TAK: CKAXKEM, HTO
06bexT Y 10 ompesiesiennio SBsgeTCs SKCIOHEHTOH, €C/IN OH BO3HUKAET BMeCTe ¢ MOPMU3MOM

ev: YX x X Y,

TaK 4YTO JJIsi BCAKOro MopdusMma Z X X Ly CyIIECTBYET €JIMHCTBEHHBI MOpdU3M 2 EN YX, o
KOTOPOTO CJIEAYIONIasl JuarpaMMa KOMMYTaTHBHA!

JIJ1st 9KCIOHEHT MOYKHO JIOKA3aTh OXKMJIAEMBIE CBOMCTBA, AHAJOIMYHBIE TE€M, YTO BBIIOJIHSIOTCH B
Kareropuu Set:

VrBepxkaenue 14.1. IIycmov 6 C cywecmeyom KonewHve npedess u Konpeoesvi u IKCNOHEHUUPOSAHUE.
Toz0a daa ecex X € Ob(C) sunoansemces

1. 0 x X =0.
2. Hom(X,0) # @ = X =0 (8 0 omobpastcaemes moavko 0).
8. Ecau 0= 1, mo ece 0bsexmuvl u30MopHHbL.

4. 0 = X — monomoppusm.
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5 Xlx~X.
6. X0>~1.
71X ~1,

(BbiBOZ, 9THX CBOCTB U3 OLPEIEIEHUN OCTACTCA B KAYECTBE YIIPAXKHEHUSI. )

Ocrasioch pa306paThest ¢ TeM, KaK B TPOU3BOJIBHOM KATENOPUN BBOJIUTCS TIOHSITHE TIO00bEKTa. Y HAC
HEeT IOHATHSA 6a00cerus Y <> X, Kak B ciy4ae Set, HO eCTb IOHsTHE MoHOMOpPudma Y — X. Jlns

JBYX MOHOMOP(U3IMOB Y>$- X u 22X um roBopuM, 910 f C g, ecju CyIecTByeT MOpdu3M

h
Y — Z, nenaromuii ciaeayIoONIyo JuarpaMmMy KOMMYTATHBHO:

Y,

JI1s1 TaKOro OTHOIIEHUST Ha MOHOMOP(U3MAX BBITOJTHACTCS

1. fCf.

2. fCg9,9Ch=fCh.

3. fCgC f= f=g (310 MBI GepeMm 3a omnpezesnenne noMopbusma f u g).

Kuraccom nono6bekToB 00bekTa X € Ob(X) HasbiBaeTcs

Sub(X) == {[f]| f: Y — X},

rie [f] — xiace Becex MoHOMOpdbU3MOB Z — X, n30MOpGhHBIX f.
Sub — 310 KOHTpaBapuanTHbIl GyHKTOP (X — Y ~» Sub(Y) — Sub(X)).

Xy
Benomaum teneps, uto B Set kaxkiaomy noaMmHoxkecTtBy Y C X conocrasigerca mopdusm X
b)
{0,1}. D10 o3HAUAeT, UTO JYIsl BCAKOTO BJIOXKeHUs1 Y < X CyIlecTByeT eJMHCTBEHHbIH MopdusMm Xy,

TaKOW 94TO BO3HUKAET J€eKapTOB KBaJdpaT

N\
Ye— X

T

1——{0,1}

DTO MOTHBHUDYET CJIeIYIONIee OIPe/IeJIeHre B PAMKAX IIPOM3BOJILHON KATErOPUN.

Onpenenenue 14.2. Ilycts C — kareropust ¢ KOHEYHBIMU Iipejiejiamu U Korpeaeaamu. Kiaccudmu-
t

KaTropoM nofo6bekToB B C HazbiBaercs o0bekT 2 € Ob((C) Bmecre ¢ mopduszmom 1 — ., Takum 910

o Xf "

JUIs Kaxkoro MoHomopdusma f: Y — X cymecrByer eauHCTBeHHBIH MopdusMm X —— (Q, jesarouuit

CJIeIYIOMMiT KBaIpaT JIEKapTOBBIM:
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X
-
Q

Ecimn knaccuduraTop mojgo6bEeKTOB CYIIECTBYET, TO OH €IUHCTBEHHBIH ¢ TOYHOCTHIO JI0 €IMHCTBEH-
noro msomopdusma. Kiraccudukarop momo6beKToB CBsi3aH ¢ GyHKTOPOM TOA00BEKTOB Sub cieayornm
KAHOHUYECKUM U30MOP(MU3MOM:

t

Sub(X) = Hom (X, ).

(TBW: 310 Hy:)HO 061ymMaTh: Bcé Taku Hom zeiicryer B Set, a o6pasyer ju MHOKecTBO Sub(X)?)

Bcé ckazannoe Bplle JaéT HaAM HOHATHE TOIIOCA.

Onpenenenne 14.3. Kareropust C Ha3biBaeTcs (3JI€MEHTAPHBIM) TOIIOCOM, €CJI

1. B C cymiecTByIoT KOHEYHBIE [IPEIEIbl U KOIPEIEIbI.
2. B C cymecrByer 3KCIOHEHIIMPOBAHUE.

3. B C cymectByer KaaccupuKaTop mo100bEKTOB.

Tak Kak BCE Hallle IOCTPOEHHE MOJEJIMPYET CBONCTBA KaTeropuw Set, TO TpUBHAJBbHBIC MPUMEPHI
rorocoB — Set u FinSet (kareropusi KOHEUHBIX MHOXKeCTB). Jlajiee Mbl pACCMOTPUM MEHEE TPUBUAJILHBIE
IPHUMEpHIL.

14.2 CrpykTypa Tonmoca Ha Set x Set

Paccmorpum npoussesienue kareropuii Set X Set. B rakoii kareropun o6bekTbl — 310 napel (A, B), a
CTPEJIKA — Taphl <A ER B,C % D>.

e YuuBepcasbHBIH npuTaruBaomuii oo6bekr — 31o (1,1) = ({0}, {0}), ynusepcasibHbiil oTTAJIKIBA~
rommii 06bexT — (0, 0) = (&, ).

e Knaccudukarop mogobbektos ects {0,1} x {0,1}.

A,B
e DKCIOHEHIMPOBAHKUE TOXKE HOJIydIaeTcsd odeBuIHbIM o0paszom: (C), D>( B <C’A, DB>.
[TonsiTHO, YTO B 3TOM IpUMepe HUKAK He UCIIOJIb3yeTcs cremuduka Set, u BepHO Oojiee obIee

VrBepxkaeuune 14.2. Fcau C; u G — monocw,, mo C; X Co — moatce monoc.

14.3 CrpykTypa TOomoca Ha fMap

" f
PaccMoTpnM Terneph KaTeropuio oTobpazkeHuit Map, nMeontyio B KadecTse 00beKTOB cTpenkn A —
B, a B kauecTBe MOP(MU3MOB — IAPhI CTPEJIOK, JIEJAIOIINX COOTBETCTBYIONIYIO JUAIPAMMY KOMMYTATHUB-

HOU:

f

. B

A
hi k
c

——=D
g9
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B sTo0it KaTeropun CyIecTBYIOT MpEeIeibl U KOIPEIeIbL.

YuusepcanbHblll npurarusaomuit oobekr — {@} — {@}. YHHBepCAJBbHBIA OTTAIKUBAIOIIMN 00b-
eKT — J — J.

[TomobbekTamu B Kareropuu ciaykar moadpyHkimu. C Yy D nasbiBaercs o yHKImen A ENyS
(o6osznavenune g C f), ecom

1. C C A
2. DCB.
3. g(x) = x s secex x € C (re. flo =g).
st ssiemenTa x € A BOSHUKAET TPU BAPUAHTA:
, x € C (u Torma obsizarensHo g(z) € D);

1
U(@):=q 3, =¢Cuglz)€D;
0, v¢Cug(x)¢D.

& &
- &

Do 3azaer Kiaccubukarop nogoobvekTos Q: {0, %, 1} — {0,1}.
(Pazobparh moapoOHOCTH U IKCHOHEHIIMPOBAHUE OCTACTC B KA4eCTBE ylparXKHeHus; cM. Lounbiart,
§4.4, upumep 5.)

IIpumep ¢ Set x Set u Map na camom Jiesie SIBIISIETCsT YACTHBIM CIIydaeM Gosee obmiero dakra:
Teopema 14.1. Ecau C — masasn kamezopua, mo kamezopus Funct(C, Set) saeasemesa monocom.

VYupaxkuenne 14.1. Pasobpamys, xax na Funct(C, Set) sosnukaem cmpyxmypa monoca, ecau Kameao-
pus C umeem maxotli 6uo:

NN

14.4 Crpykrypa Tonoca Ha G-Set m M-Set

1)0*> 1) —o0——o

o act
IIycte M — monoun, u 3amano ero geiicteue M x X — X cieBa Ha muO)KecTBe X . Torma Mbl roBopuM,
aro X — jieBoe M-MHOXKecTBO, n namreM «M ~ X ».
elicTBue 03HaYMAET, ITO BBIMOJHAIOTCS CJIEIYIONINE aKCHOMBI:

1. (hg)-z=h-(9-x) na Beex h,g e M, z € X.

M x M x X% 0w x

multxlxi J{act

MXXTX
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2. 1-xz=ua g Becex x € X.

{o} x X o X
k‘\ act
M x X

MmuozkecTBa ¢ jeiicrBuem MoHouuaa M obpasdytor kKareroputo M-Set. Mopdusmamu B HEM sIBJISIFOT-
©
csl 9KBUBapUAHTHbIE OTOOpaKeHmsl, T.e. Takue oToOparkeHus X — Y, IpW KOTOPBIX CJIEIYIONTAs
JuarpaMma KOMMYTATHBHA:

act x

MxX—X

1M><<P\L \LSD
Y

MxY ——
acty

olg-x)=g-¢(x) anascex g€ M,z e X.

YacTHbIM ciydaeM siBjsierca kareropus G-Set MHOkKecTB ¢ aeiicrBueM epynnos G (BCIOMHUM, 9TO
MBI y2Ke BCTPEUAIUCE C dyTh 6oJlee CIIOXKHOM Kareropueit Zop-G-Set B npumepe ¢ reopueii Taiya).

YrBepxkaenue 14.3. M-Set asasemcs monocom.

1o caemyer u3 Toro, uro M-Set uzomopdua kareropuu Funct(M, Set), rae monoun M paccmarpu-
BaeTCsd KaK KaTeropus ¢ OgHUM o0beKToM M .

e Oynkrop P: Funct(M,Set) — M-Set crpourcs takum obpazom: oobekry (F: M — Set) €
Ob(Funct(M, Set)) comocrapum F(M) € Ob(M-Set) ¢ jneiicreuem m -z = F(m) - z. Ecre-
CcTBEeHHOMY IpeobpazoBanuio 7: F = (G dbyukropoB F,G: M — Set comocraBuM OTOOpaKeHUe
F(M) 2% G(M). OHo 9KBHBAPHAHTHOE 110 ONPEJIE/IEHIIO eCTECTBEHHOTO TPe0dPAZOBAHIS:

F(M) > G(M)

F(f)l J{G(f)

T™

e ®ynukrop ¥: M-Set — Funct(M, Set) rakoit. st M-muoxkecTBa X onpenennm ¥(X) € Ob(Funct(M, Set))

M ~ X,
(M2 M) ~ (z+m-z).

17151 3KBUBapHAHTHOrO OTOOpazkeHns X Ly olpeieJiuM ecrecTBeHHoe 1peobpazosanue V(f): U(X) =
T(Y):

W(X)(M) —> w(v)(M)
\I/(X)(m)i l\lf(X)(m)
W(X) (M) — = W(Y)(M)
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Ocraercs npoBeputb, uro PV =1u Vo =1.

TaxkumM 06pazoM, Mbl nocTporan u3oMopdusm mexy M-Set u Funct(M, Set), tane M — masnas Ka-
Teropust. 3uauut M-Set — Tormoc.

Teneps ObLTO OBI TIOJIE3HO TOHATH, KAKOBA CTPYKTYPa ITOTO TOIOCA.

~

B cuny mzomopdusma M-Set =2 Funct(M, Set), KoHEUHbIe IPENEJbl U KOIPEIEJIbl BBIIUCIISIFOTCSI
«IIOTOYEYHO>.

L] yHHBepC&JIbeIﬁ OTTaJIKI/IBaIOH_[I/Iﬁ 00bekT 0 ecTb MHOXKECTBO & ¢ IIyCTBIM ﬂef/'ICTBI/Iel\/I MOHOMH/IA.

e VHUBEpPCAJBHBII IPUTATABAIONIAN 00HeKT 1 €CTh MHOXKECTBO {@} ¢ OUeBHHBIM JIEHCTBUEM MOHO-
uia.

e IIpoussenenune A X B aByx M-MHOXKECTB €CTh JIEKApTOBO NpousBeenne A X B, cnabkeHHoe Jefi-
creueM m - (a,b) := (m-a,m - b).

e Komnpouseenenne A Ll B aByx M-MHOXKeCTB ecTh HecBsizHOe o0beuHenne A LI B := (A x {1}) U
(A x {2}), cuabxennoe geiicreuem m - (a,1) := (m-a,1), m- (b,2) := (m - b, 2).

Ousitb ke, Guarogapsi usomopbusmy M-Set = Funct(M, Set), noaydaem, 1aro

e Crpesnka B M-Set siisiercst monomopdusmom iff ona siisiercss MonoMmopdusmom B Set.

e Crpesnka B M-Set siBisiercst snmmopdusmoM iff ona siByisiercst snumopdusmom B Set.

IMopmuoxkecTBO S C M, 3aMKHYTOE 10 YMHOMKEHHUIO CJIeBa Ha djeMeHTol M (T.e. Vm € MVs € S m-s €
S), Ha3BIBaETCs JIEBBIM MAeaJIoM. B dactHoctu, & u M — 310 HauMeHbIIMA 1 HAUOOJIBINNIA UIeas B
M. (Kpome toro, monoun sisisiercst rpynmoit iff Ly, = {@, M}.)

Krnaccudukarop nonobbexros B kareropuu Funct(M, Set) ectb 2 := Ljs, MHOXKECTBO JIEBbIX UIEAJIOB
m
B M, u Ut Kaxkgoro sjgemenTa mMonouma M — M

Qm)S:={zeM|xzmeS} mmaseLy.
Orobpaxkenne 1 L0 nepesoauT @ B M € L.

Kitaccudukarop nogodobekTos B Kareropuu M-Set ectb MHOXKeCTBO §) := L)y, cHab>KeHHOe JieficTBreM
m-S:={zxeM|z-meS}

14.5 CrpykTypa Tomoca Ha Sety

Dukcupyem obberkr X € Ob(Set). Paccmorpum kareropuio Setx, B KOTOPO# 00bEKTaAME SIBJIAIOTCS

/ o h
orobpaxenust Y — X (paccioeHusi ¢ 6a3oii X), a mopbusmamu — orobpaxkeHuss Y — Z MexKIy
Pa3HBIME ITPOCTPAHCTBAMY PACCJIOCHUS, JEIAOININE CJIEIYIONYIO uarpaMMy KOMMYTATUBHOI:

INA

X

Koneuno, takyio kareropuio Cx MOXKHO BBECTH JJI IPOM3BOJIbHON Kareropun C u oobekta X €
Ob(C). Nmeer mecTo BaxkHbIil daxT:

Teopema 14.2 (P.J. Freyd). Ecau C — monoc, mo Cx — mooice monoc.
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MozkHO pas3obpaThCst, YTO IIPOUCXOIUT B IIpocTeiieM npumepe Sety. Kinaccudukaropom momobbex-

pr
TOB CJIy’KUT TpUBHAJIbHOE paccioenne co ciaoem {0,1}, To ects X x {0,1} —= X . Dxcrnonennuposanme

Y ER X)(Zi»() YCTPOEHO TaK:

11 v/~
zeX

i

X
Bnecw Y, = f~1(z) — caoit man z. (Cum. Tonabaart, §4.5.)

15 Ilyukm
15.1 Kareropus Sh(X)

IIyuok — 910 BaxkHeiiiee noHsTre MareMaTuku. Hanpumep, MHOroo6pasue (TOIOJOIHYIECKOe, [IIAIKOE,
AHAJINTUIECKOE, AITe0PAnIecKoe, U T. II.) — TO MPOCTPAHCTBO ¢ IyIKOM (DYHKIUI HA HEM.

[Iycte X — durcupoBaHHOE TOMOJIOrHYECKOe MpocTpaHcTBO. C HUM MOXKHO CBSI3aTh KaTErOPUIO
Open(X), B KOTOPOii 00bEKTAMHE SIBJIAIOTCA OTKPBITBIE oaMHOXKecTBa U C X, a Mopdu3MaMi — BKJIIO-
gennst i: U — V. To ectn,

it UCYV,

Onpenesienne 15.1. IlpeamyyYKoM Ha TOIIOJOTHYECKOM IPOCTpaHcTBe X Ha3bIBaeTCs KOHTpaBapu-
anTHBIT GyHkTOp F: Open(X)* — C.

B koukperHbix mpuMmepax Ha MecTe C CTOMT KATEropwsi MHOYKECTB, I'PYIII, abeJIeBbIX I'PYIII, KOJIeIl,
R-mopnyseit, u 1. n. Jlanbiie MOYXKHO IIPO BCE AyMaTh, IIPEJICTaBIIAS cebe KOHKPETHbIE KATEIOPUN.
Ecisin nepenmcaTts onpejiesieHne Ipeairydka 60jee MHOTOCJIOBHO, TO MOJIYYaeTCs COIIOCTaBJIEHNE

U ~ FU),
VCU ~ FU)ZS Fv).

Duiement s € F(U) Ha3plBaeTcsi CE€MEHUEM IpeNydKa J HaJ OTKPBITBIM MHOXKecTBOM U; 3j1eMeHT
s € F(X) naspiBaercs riaobanbabiM cedenmeM. Orobpazenne F(U) £2% F(V) maspBaercs orpa-
HudeHneM. Buecro pyy (s) gacro mumyT s|y,.

QyHKTOPHAIBHOCTS O3HAYAET, UTO BBIIOIHSIIOTCS YCIOBUS

1. pvv = 1r@w)-
2. EC.)'II/IVVg‘/g[J7 TO pUw = PUV O PVW -

Bouio 661 xopoio, ecyiu 6bl OrpAaHUYEHUST COTJIACOBBIBAJIUCH. A UMEHHO, IIYCTh UMEETCS CEYeHUE § €
F(U) u ceuenne t € F(V), rakue 910 S|4, = t|yqy - Torma xoreaoch Gb CKa3aTh, YTO CyMIECTBYET
equacTBenHOE cedenne r € F(U UV), takoe uro r|, = s u 7|, = t. YBBI, U3 Olpe/e/eHIs IPEIILYIKa
HUYEro TAKOTO HE CJIEIYyET — 7' MOXKET HE CYIIECTBOBATH MJIU HE ObITH €UHCTBEHHBIM.

Camprit npocroii npumep: dbukcupyem A € Ob(() u 3a1a/uM MOCTOSHHBIN MPEAIyY0oK J, Takoii
gro F(U) := A mua seex U C X, U # @, u F(@) = {e}. Ilycrs renepp U NV = @. Torma s
se€ FlU)y=Aunte F(V) = A, rakux ut0 s # 1 uMeeM s|, = t|,, HO s U t He TOTydIAIOTCH KaK
OrpaHIYEHUs] KaKOro-To cevenus r Hagx U U V.

Onpepnesenne 15.2. ITy4ukoM HasbIBaeTCs NPEJIYIOK, /IS KOTOPOTO BBIIIOJIHIETCSI aKCHOMA Iy YKa:
JUIsL BCSIKOTO OTKPBITOrO HOKPbITHs U; BCsiKOro oTkpbIToro MuoXKecTBa U C X 1 J06BIX COIVIACOBAHHBIX
ceuennit s; € F(U;) (re. s vinu; = sily, mUj) CYIIECTBYET eJuHCTBeHHOE cevdeHne s € F(U), Takoe dro

S|Ui =s;.
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Hare o6cy»kieHne onpejiesieHust Ipe/Iy IKa, a TaKyKe OlpeieJieHIe Iy IKa, CChIIAIOTCS Ha SJIeMEHThI
s € F(U), o ectb noppasyMeBaioT, 4T0 C — KOHKDPETHas KATEropusd. DTOTO MOKHO u3bexkarhb, cdhop-
MyJupoBaB akcmoMy mnyuka B ¢dopme I'porenmauka. Ilycts B C cymectByroT npousBemenusi. Mol
TpebyeM, ITOOBI BOSHUKAJINA OTOODAYKEHUST

FU) —= [ FU) —= 1 FW: N U))

dz i,j

TaK UTO € ABJIgeTCs ypaBuuresaeM di u da, TO ecThb ed; = eds.
31ecn

e ¢ — npousBezenne orobpaxkenuit orpanndenus F(U) — F(U;),
e d; — mpoussenenne orobpakenuil orpanmidenus F(U;) — F(U; NU;),
e d; — mpoussenenne orobpazkenuit orpanmidenus F(U;) — F(U; N Uj;).

B kadecTBe ynpasKHeHUS OCTaeTCs JOKA3ATEIbCTBO TOTO, UTO JIjIs KOHKPETHON KaTErOPUU 3TO COBIA-
JlaeT C Halllell aKCUOMOU ITy4Ka.

[Tyuky Ha TOMOJOTHYIECKOM HpocTpancTse X obpasyior Kareroputo SA(X ). Kax MoxHO jorajarbes,

MOpPGU3M JIBYX IYIKOB JF i) G — 3710 ecrecTBeHHOE NpeobpazoBanne F n G KaK KOHTPABAPUAHTHBIX
dyuxropos Open(X)* — C. To ects, mis Becex V' C U BO3HHKaeT KOMMYTATHBHAS THArPaMMa

FU)——G(U)
fu
3/1eCh BOBHUKAET UPE3BbIUANHO BaXKHBIA BOIIPOC: YTO JOJKHA O3HAYATH UHbHEKTHUBHOCTH / CIOPBHEK-
THUBHOCTb MOP(dU3Ma IIydIKoB? DTO MbI 00CyauM jajee. KpoMe TOro, majiee Mbl IMOKaXKeM, 4TO IIy9IKHU
MHOXKECTB Ha TOIOJIOIMIECKOM IIPOCTPAHCTBE 00pa3yIoT TOHOC (4TO0BI MOHATH, KAK B TAKOM TOIIOCE BbI-
DJISLIUT SKCIIOHEHTA M KJIACCUDUKATOD MOI0OBEKTOB, HEOOXOAUMO O0CYAUTD €I1e HECKOJIBLKO BOIPOCOB).

15.2 Ily4vok cedyeHmit paccjioeHUs

Brimre Mbr y2xe MPUBOINIIN KATETOPHUIO PACC/IOeHUi Set x Kak MPUMep TOIMOCa, HO ceii9ac MbI HEMHOTO
YTOYHHUM, UTO Takoe paccioenue. [lom pacciioeHneM Mbl OyIeM MOHUMATL HENPEPLIBHOE OTOOPAKEHNE
Y 5 X monoaoeuneckux npocmpancms Y u X.

CeuenneM paccioenns: 7 Hag U C X HasbiBaeTcs nenpepuenoe orobpaxkenue U — Y, takoe 410
sm=1y.

Eciun F(U) — muoxkecTBO cedenuil paccioenus m uaj U, To F sBisiercd mydkom Ha X.

ObpaTHO, MO0 KaxKJIOMy Iy9YKy MHOXKeCTB JF Ha X MOXKHO MOCTPOUTH ITAJbHOE MPOCTPAHCTBO
(HaKpbIBalOIIee MPOCTPAHCTBO, espace étalé) Spé(X) m noxamnbHbi romeomopdusm Spé(X) 5 X,
TaK 4T0 J OyJeT IIydKOM CedeHUil .

B 3ToM cMmBbIcsIe TydYoK cedeHmii pacc/ioeHunst — BOOOIIE €IMHCTBEHHBIN TpuMep mydka. 1IpaBia, ecTb
pobJieMa ¢ TeM, ITO IIYyYKA B T€OMETPHUH OOBIYHO BO3ZHUKAKOT €CTECTBEHHBIM 00PA30M, & STAJIBHOE IIPO-
CTPAHCTBO — KaK IIPABUJIO HEYTO CTPAHHOE.

15.3 Ily4yok pOCTKOB HelpepbIBHBIX (PyHKIIWT

e Ecsim X — romosiornyeckoe IpOCTPAHCTBO, TO OlLpeleuM CTPYKTypHbIi mydok Ox(U) :=
Cr(U), rue Cr(U) — nmenpepsisabie Gynkimn U — R. 91o mydok.

Eciiu X — xopoiiee npocrpancTBo (xaycaopdoBo, JOKAJIbLHO KOMIIAKTHOE, U T. II.), T0 X BOcCTa-
napymBaercs 1o Ox.
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e Ecim X — riaskoe MuOroobpasme kmacca k, 1o Ox (U) := OF(U) Takske onpenenser mydoK, 10
KOTOPOMY BOCCTaHaBJIMBaeTcs X .

e Anpajormyso 3a/1a0TCd aHaJIUTUYCCKUEe MHOI‘OO6paSI/IH, u T. II.

ITycrs F — myuok uaz upocrpancrBoM X. Pukcupyem Touky x € X. Cioewm (stalk) masbiBaercs
npeses

Foi= lim  F(U).
Usz,UCX

DJieMeHThI JF, HA3BIBAIOTCS POCTKAMU JIOKAJIBHBIX CEYEHUM IIydka J B TOUYKE X.

ITO MOXKHO C(bOpMy.HI/IpOBaTb nHade. MHOXKeCTBO JIOKAJIbHBIX CeUYCHUI IIy9Ka F ectb

Xe ={(s,U)|U>2,UCX, s FU)}.

Beenem na X, orHomeHne SKBUBaJICHTHOCTU

(5,U)~ (t,V) <= W2, W CUNV sl =t .

Kiiacchl 9KBUBAJIEHTHOCTH U €CTh POCTKHU JIOKAJILHBIX CeYeHuii B TOUKe &, T.e. JFp = X/ ~.
[Ipumep Takux POCTKOB — aHAJIUTUYIECKHE (DYHKIUMH JIOKAJILHO IPEICTABISIOTCH PsioM Teitsopa.
(IlpaBaa, 9TOT IpEMEp TABTOJIOTMYEH U SIBJISIETCs OIIPEIEJICHUEM aHAJUTHIECKON (DyHKIHH. )

MozkHO He (PUKCHpPOBaTh TOUKY I U PacCMaTpUBATh BOOOIIE BCE HEIlyCThle OTKPBITHIE TOMHOXKECTBA
U C X. D10 Gyumer JaBaTh HeTpUBUAJLHBIC TINIOOAJIBHBIE POCTKH, TOJBLKO €CJIH IMPOCTPAHCTBO X HE
xaycnopdoBo (ckazkeM, KaK B aJrebpandeckoil CATyaryn).

6 mapma 2012 e.

15.4 MouaoMmopdusMbl U SMUMOP(PU3IMBI B KATETOPUU ITy YKOB

©
Ilycts F u G — 910 iyukn MHOXKeCTB Ha rnpocrpancTrse X . Torma mopduszm F — G aBJIsieTcss MOHOMOD-

. YU
dusmowm iff F(U) — G(U) — unbeknus st godoro U C X.
OtHaKO 3MUMOPMU3M 0XapaKTePU30BATh TAKUM Ke 00pa3oM Hesib3s. A MMEHHO, MPaBUILHO TpeHo-
BaTh ciopbekTuBHOCTH He st Becex U C X, a mocsioitao.

Vreepxkaenne 15.1. F 5 G — amo onumoppusm 6 xamezopuu nyuros iff Fy — G — clopoeryus
onn ecex x € X.

ITepeBesieM 3T0 Ha SI3BIK CeUEHUiE. DTO FKBUBAJIEHTHO TOMY, 4To jiiist Besskoro U C X u Besikoro ¢ €
G(U) maitnerca orkpbrroe nokpeirne {U; } muoxkecrsa U, n takxe s; € F(U;), Taxue 1ro @y, (si) = t[y -
IIpu srom He sepro, uTo 06s3aTesIbHO cyiecTByer cedenue s € F(U), takoe uro ¢y (s) = t.

VHuBEpCATBHBIA MPUHITAIL: INUMOPPHUIMbL — MO He COPBEKUUL HAG MoyKax. Jis Tex, KTO 3HAKOM
C NPaBUJIBHBIM OIIPEJIeJIEHUEM AJINeOPandecKoil IPYIIbl, MOYXKHO IIpuBecTH Takoil nmpumep. CyiecrByer
KOPOTKasl TOYHAsI TIOCJIeI0BATE/IbHOCTD ajredpandecKux Pyl

1—- G, - GL, - PGL, — 1.

Ho ne BepHO, 9TO 111 KOHKPETHOI'O KOJIbIlia R CyIIecTByeT TOYHAs MOCJIEI0OBATEIHFHOCTD

1— R* = GL,(R) — PGL,(R) — 1.
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K coxkajiennio, He Bce 9TO IIOHUMAIOT, U [JIe-TO MOYKHO BCTPETHUTD owubouroe onpenenerre PGL(n, R) :=
GL(n, R)/R* nmst Koue.
Ha Toukax BO3HHMKaeT TOUYHAS ITOCJIEIOBATETLHOCTD

1 — R* = GL,(R) — PGL,(R) = H (R,G,,) — - -
Bnecs HY(R,G,,) — xoromosioruu I'asmya (cm. Jean-Pierre Serre, Cohomologie galoisienne). 1o
MOKHO TIOHMMATh KaK MPENATCTBAE K CIOPbEKTHBHOCTH.
Ananorndso, CyIecTByer mocse0BaTebHOCTD AIreGpanIecKuxX IPyIIIl
1— g, — SL, = PGL,, — 1,

HO Ha TO4YKaX 9TO He JJOJIZKHO 6bITb TOYHOI 1ocJjie/10BaTeJIbHOCTHIO (XOTE{ HaJl aﬂrerqueCKH SaMKHyTbH\/I
IIOJIEM 9TO BEPHO).
15.5 TIlocTpoenue accorumpoBaHHOrO IIy4ka mo npeamnydky (sheafification)

IIycte F u G — myuku rpymnm Ha npocrpanctee X, u JF 4G — ux Mopdusm. Kak ompenents sipo u
obpaz mopdusma? CaMoe TIPOCTOE OTPEJIEIEHNE, TPUXOJISIIEe HA yM:

ker(p)(U) := ker(¢py) mua U C X.

DTO JEHCTBUTENIHHO 33/1aeT MIy90K, U TAKOe OIIPeJIesIeHUe sipa BEePHOE.

st o6pasa xoresock 661 3a1a1b im (@) (U) := im(¢y ), HO 9T0 npediyvoK, a He IMy9OoK. TO THINIHAS
CUTYyaIWsl: eCTEeCTBEeHHAsT KOHCTPYKIINS BBIBOJUT HAC 3a MPEJEIbl KATETOPUU MyYKOB, U JJIsI PE3YIbTaTa
HEOOXOIMMO B35Th ACCOLMHUPOBAHHBIN ITYyYOK, Wid, Kak ropopar, mmdudnnuposars (sheafify)
TIOJTY YUBIIANCS TTPEJIITY YOK.

Onpepnenenune 15.3. Eciu F — upeiry<ok Ha X, TO COOTBETCTBYIOIIAM aCCOLMMPOBAHHBIM IIy YKOM

0
HazbIBaeTcs ydoK F T na X BMecTe ¢ MOpU3MOM IPeAydkos F — F | yHUBePCAJILHBIM B CJIEIYIOMeM
CMBICJIE:

F—2Ot S Ft

Vreepxkaenue 15.2. F' emecme ¢ moppusmom 0 cywecmeyem oan aobozo npednyuka F u edun-
CMBEHEH C MOYHOCTBIO 00 0UHCTNEEHH020 USOMOPPUMA, CO2AACOBAHH020 C 0.

Loxazameavcmeo. dna U C X 3amgamum

FHU)={U> H F, | BeImosHsIOTCS cBOdicTBa 1) U 2)}
zeU

1) s(z) € Fy st Beex x € U.
2) Cymecrsyer nokpeirue {U;} st U u ceuenue s; € F(U;), Takoe uro (s;), = s(x) qst Beex ¢ € Uj.
O

OcTaeTca B KadecTBe YIPAYKHEHUSA HMPOBEPHUTH, UTO ONpEeJeHHBIH TOJLKO uTO F T — 3TO IyHOK,

3a1aTh Mopdusm F Y F*+ u noxasars VHHUBEPCAIBHOCTb.

[Tocoiino mududukaims CoBIaJIAET C UCXOIHBIMU CJIOSIMU IIPEIITYYKa: It BceX T € X BBINOJIHSIETCS
(F)e = Fu.

Ecmu F — myd4ok, Torga mmpndukanus gaer ero xe: F+ = F.

Eme ogua npumep, Korga 1 MpaBUILHOTO OIpeieeHus Tpedyercs mududuKanms.
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IIycts F u G — nyuku abesieBbIxX Ipyiir. Toraa MOKHO OIPEJIE/IUTh Oy Y0K

F<G < FU)<GU).

Sro npasmwibHoe onpeaenenne. OxHako onpenenars dakropuy4ok B suge (G/F)(U) = GU)/F(U)
nenpasuabro. VI3 06CyKIeHns BBIIE JIOJZKHO ObITH IIOHSTHO, YTO IIPABUJIBHOE OIPEJesIeHne [OJIZKHO
bopMyIPOBATHCS TOCTIONHO:

15.6 SDTajnpHOE IIPOCTPAHCTBO

KoHCTpyKIHst 9TAIBHOTO IPOCTPAHCTBA (HAKPBIBAIOIIErO IPOCTPAHCTBA, espace étalé) Oblia BBe-
nena B 40-e roger 2Kanom Jlepe.

Eciu F — npemydox na X, to 3a Spé(F) niu E‘t(f ) 0603HAaYAETCS TIPOCTPAHCTBO, KOTOPOE KAK
MHOKECTBO €CTh

rzeX
VneeM pacciioeHre MHOXKECTB
Fa Spé(F)
X X

Ha Spé(F) BBoguTcs camas ciabast TOIOJIOrHst, Takas 4ro s Beakoro U C X u s € F(U) orobGpa-
JKEHHe

U 5 Spé(F),

T o Sy

uenpepniBHo. (TBW: xoporo 66l ele Ha KAKUX-TO €CTECTBEHHBIX IPUMEPAX OHATh, YTO TaM IIOJIyda-
€TCsl 3a TOLOJIOTHUS, HO 9TO BCE CJIOXKHO. )
IMTpoekuust Spé(F) — X HenpepbIBHA.

VrBepxkaenue 15.3. Spé(F) — X saeasemesa HAKpolinuem (AOKAAGHOIM 20MEOMOPHUIMOM) U €20
nenpepuehbie cevenud oopasyrom nyuox F .

Eciin F — my4ok, To noJtydaercs cooTBercTBue F o~ F 1 (SKBUBAJEHTHOCTH KATETODHIl).

15.7 Ilpsamoit m oGpaTHbIil 00pa3 IryvKa

f
IIycte X — Y — mempepbiBHOE OTOOparkeHHEe TOMOJIOTHIecKuX mpocrpaHcTB. Kak mo myuky mHa X
[IOCTPOUTH IIyYOK Ha Y u HaobopoT?

f
Ecmu F — nydok Ha X, 10 oTobpakenne X — Y 3ajaer GyHKTOD f, Ha Kareropuu my4dkos. [IpsiMbim
06pa3om HasbiBaeTcs MydoK (f«F) Ha Y, onpesessieMblii Kak

(fF)U):=F(fY(U)) mmaUCY.

Eciu G — ny4ok na Y, To o6paTHbIM 06pa3omM HasbiBaercs 1mydok (f*G) ma X. Ero yxe me Tak
IIPOCTO OIpeesinTh. MOXKHO c/ienaTh Tak:

(fro)(V) = hg GU) maV CX.
F(V)CUCY

(f~1G) — a0 npemmyuaox. Moxkno B3ats (f*G) := (f~1G)T. D10 603MOsiCHVIL Kardudam Ha oOpaT-
HBI 06pas.
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VYupaxHenue 15.1.
Hom gz xy(f*G, F) =~ Hom gy (G, fF).

15.8 Ily4yok MHO>KeCcTB KakK TOIOC

Tenepb y HAC UMeeTCsl IOCTATOMHO KOHCTPYKIHiL, YTOOBI OKa3aTh, uTo Kareropus SA(X) myvkos mMHo-
2KecTB Ha X SBJISIETCS TOIIOCOM.

e /11 IPEIIy9IKOB CYIIECTBYIOT KOHEUHBIE TTPeJIesbl U Konpeaesabl. s myYKoB OHU SABJISIIOTCS Iy -
KaMH.

e Ecm F n § — myuku na X, To Hom g5y (F,G) He gBiisieTcs IIy9KOM, HO COOTBETCTBYOIIUIA 11y 40K
i
OIIPEeJIeJIAeTCS CJIEYIONNM ecTecTBeHHbIM obpaszoMm. ust U — X 3ajanumM orpaHnveHne myvKa
e g%
Fly =1 (F).

Temepsb mycTh

Hom(F,G): U ~ Homgg ) (Fly 5 Glyy)-
To JeiicTBUTENBHO My4oK, n B Kareropun SA(X) on 061a1aeT CBOACTBOM 9KCIIOHEHTBI.

o KraccudukaropoM mogo0bEKTOB CAYKUT IMIYI0K OTKPBITBIX MHOYKECTB

QU):={V C U

OTKP.
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16 Tomouaoruu I'porenamnka

16.1 Pemiéra

Teopema 16.1. ITycmv C — manas xamezopua. Tozda xamezopus PreSA(C) npednyuxos mroscecme
na C obpasyem monoc.

(TTocste TPOIOIKUTETBHOrO 06CY 2K IEHNsI IIPEJIITY IKOB HA TOIIOJOTAIECKOM IIPOCTPAHCTBE HAIIOMHUM, UTO
JIJIs TPOU3BOJIbHON KaTeropun C KaTeropus MpeayIKOB MHOYXKECTB — 3TO Kareropusi (pyHKTOpoB C* —

Set.)

Camoe nnTepecnoe B cTpykType Tonoca PreSA(C) — kmaccudukaTop mog06HeKTOB. MbI XOTHM OTTH-
caTh MOAGPYHKTOPHI TPEACTABUMOr0O (DyHKTOPA

Homy(—, X): Y ~ Homq(Y, X).

J171s1 TOIOJIOrTYeCcKuX MIPOCTPAHCTE PeIneToM Ha X Ha3biBaeTcst Habop OTKPBITHIX TOJAMHOXKECTB S C
Open(X), rakoit uto U € S,V CU = V € S. DT0 MOXKHO aKCHOMATU3HPOBATH ¥ 1epedbOpMy/InpOBaTh
HE B TEPMUHAX OTKPBITHIX IMOJIMHOYKECTB, & B TEPMUHAX CTPEJIOK B MPOU3BOJIbHOM Kareropuu (.

. . f
Pewerom (anri. sieve, dp. crible) na X naspiBaercss MHOKecTBO S Mopdusmos Y = X | Takux 4To

TS BCSIKOTO MOpdusMma, 2 Ly

z%yv L x)es.

IIpumepsnr perer:
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e FEciim C — MOHOUJI, TO PEIeTo — 9TO JIEBbI uiead.
e FEciim C — 9acTUdHO yIOPSIOU€HHOE MHOYKECTBO, TO PEIETO — 3TO IMOPSIKOBBII HIeal.

e Jlsa Bcakoro X mMeeM MaKCUMAaJIbHOE PEIIeTo

#X) = {y L x}.
VYrBepxkaenue 16.1. 3adanue pewema S na X coomeememeyem sadanuro nodpynrmopa 6 Home(—, X).
Jokasameavemeo. € Ilycrs F C Hom(—, X ). Torma MOXKHO OIPEJIEIUTH PENIeTo
S:={vLx|ferm)).
& Ilycrs S — pemero na X. Torga moxuo oupenenuts noadyukrop F C Hom(—, X):
F:Yy-{vLXx|fes}
O

h .
IIyctb S — pemero Ha X u Z — X — Hekoropbiii MmopdusM. Torma MOXKHO OIIPeIe/IUTh PEIeTo Ha
Z

W (S):={y L Z|ghe S}

Dra KOHCTPYKIUS Ha3blBaeTCs 3aMeHoM Gaswl wim pullback’om S Bmoaw h (cymecrsoBaHwust
pullback’oe B kKareropun C MBI He [IOIPA3YMEBAEM ).
Ternepsb MbI onmIIeM Ki1accudukaTop 1nogoobekTos B karteropuu PreSA(C). Onpenennm

Q(X) := {pemmera na X B kareropuu C}.

h
[Iyctb umeerca mopdusm Z — X. Torma onpeneanm

[Tycrs mmeercst kouTpaBapuanTHbiil dyuakTop P: C* — Set u nondyukrop ) C P. s kaxkaoro
semenTa x € P(X) onpenennm

px(@) ={Y 5 X | P(f), € Q(YV)}.

1o pemtero Ha X . Vmeem orobpakenue gy : P(X) — Q(X). Ouno 3amaer ecrecTBenHoe mpeobpazo-
Banue pyHKTOpPOB (0: P = ().
Bosaukaer mekapToB KBaapar

true

D=<=——



16.2 Caiit I'porenauka nm Tonoc I'porenauka

Iycrb {U;}ic; — OTKDPBITBIE MHOXKECTBA, MOKPBIBAOIIHE HPOCTPaHcTBO X. Mbl xoTuMm 0606ImuTs 1y
CHATYaITNIO, a MMEHHO, aKCHOMATU3NPOBATH CJEIYIONNE CBOMCTBA MOKPBITHS:

1. UU; = X.
2. Bamena 6a3bl (pullback): ecim Y C X, o {U; N Y} 06pasyror OTKphITOE MOKpBITHE Y .
3. Akcuoma TpaH3uTuBHOCTH: ecin | J

Uier, = Uyj.

JEl;

jer, Uij = Ui nna xaxgoro @ € I n Uier Us = X, Torma

Tonosnorus: I'porenauka Ha Masoil kKareropun C 33/1a€TCsl MHOXKECTBEOM MOKPBIBAIOIIMX PeIeT
Ha KaxgoM X € Ob((C)

X~ J(X).
HpI/I 9TOM BBIIIOJTHAIOTCA aKCHUOMBI
1 t(X) € J(X).
2. Bem S € J(X) u Z 2 X, Torma h*(S) € J(S).

3. IIycte S € J(X) m R — Kakoe-TO pemiero, Tak 4To Jyist Beskoro (Y ENS'e ) € S BbInONHSETCS
f*(R) e J(Y). Torma R € J(X).

[Tapa (C, J) u3 MaJioii KaTeropuu 1 IOKPbIBAIOIIUX pereT HasbiBaercs cairom. Kareropust SA(C, J )
nyukos Ha caiite (C, J) obpasyer tomnoc. Ou nasbiBaercs Tonocom I'porenauka.
TpuBnanbHbIE IPUMEDHL:

1. Tpusunasnbnas Tomnonorusi: J(X) := {¢t(X)}.

2. Huckpernas tonosorust: J(X) := {Bce pemera na X }.

CaoiicTBa, BBITEKAIOIINE U3 aKCHOM:

3. Iycrs S € J(X). Ecim pis Beex (Y EN X) € S zamano pemero Ry € J(Y7), T0

{gf1fesS geRs}eTdX)
(Ecim S € J(X), To mioboe perrero R DO S Takxke sexur B J(X).)

4. Axcmoma nepecedenust: ecin R, S € J(X), o RN S € J(X).

h
ToBopst, uro pemero na X mokpsiBaer mopbusm Z — X, ecim h*(S) € J(Z).
B sTux TepMmHax akCHOMBI TOHOJIOTUH ['pOTEHIMKA MOKHO C(hOPMYJIUPOBATH TAK.

1. Ecom S — pemrero na X u f € S, To S nokpeiBaer f.

h h
2. Eciu S mokpeiBaer Z — X, 1o S moKpbhiBaeT U KoMmosunuio W 575 Xe IIPOU3BOJIBHBIM
mopduzmom W ENS A

h
3. Eciu S mokpeiBaer Z — X u R — pemero Ha X, KoTopoe MOKpbiBaeT Bce f € S, To R mokpbiBaer
h.

(B xauecTBe yIPayKHEHUS OCTACTCS TPOBEPKA TOTO, UTO STH aKCHOMBI 9KBUBAJICHTHBI T€M, UTO IPUBE/ICHBI
BBbIIIIE. )
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16.3 IIpexnromnosorus I'porenauka
Pemero, nopoxkaenuoe nokpoeitueMm R = {U;}ic; ecTb cemelicTBO
(R)={U € Open(X) | F U C U;}.

Tenepb, Kak MBI YK€ JIEJIAIH BBIIIE, 3TO ONPEIEIEHne MOXKHO ¢(hOPMYJIUPOBATH B TEDMUHAX CTPEJIOK
B NIPOM3BOJILHON KaTeropuu (€ mapoil TEXHUIECKNX OTPAHUYIEHNH ).

Iycmo C — manas kamezopus ¢ pullback’amu.

ITycts umeercs npasusio K, conocrasigiomee Kaxkaomy X € Ob((C) mekoropoiii mabop K (X) muo-
kecTB MOpdu3MoB ¢ kKoobiacrbio X . Duementsl K (X ) naspisatorcs mokpeirusaivu X . [Ipasuio K na-
3biBaeTCs npearonosgorueit I'porenauka (niu 6a3oii Tomosioruu I'porenauka), eciiu BbIIOTHEHBI
CJIEJTYIONIIE aKCUOMBI:

1. Ecm f: Y =, X — usomopdusm, To {f} € K(X).

2. CornacoBannocts ¢ pullback’ammu:

Y, xx Z ——=Y;

L

Z—g>X

3. Ecm {Y; ELN Xtier € K(X) n s xaxkgoro ¢ € I umeem {Z;; LN Yitjer, € K(Y;), Torna

(Zi; 25 v, 15 X}ier € K(X).
JEL

Beskast npearonosiorust I'porenguka K wa C onpegensier (nopoxkzaaer) ronojoruto I'porenauka J

ma C:

(R):={gf|f € R, Cod(g) = Dom(f)},
J(X):={(R)| Re K(X)}.

1 obparHo, Kaxk10ii Tonosiorun I'porenauka J Ha C COOTBETCTBYET €IMHCTBEHHAS HAUOONDWAA TIPET-
toniosiorust K wa C, KoTopasi HopoxKaaer J:

K(X) :={R|(R) € J(X)}.

16.4 IIpumeps! Tonosormit I'porenanka

ITycrs C C Top — moxkaTeropusi B KAT€rOPHI TOLOJOMMYECKUX IPOCTPAHCTB, 3aMKHYTast OTHOCUTEILHO
KOHEYHBIX IPEJEJIOB B OTKPBITBIX IoanpocTpancTs. Hampumep, o — Kareropus xaycaopdOBBIX IPO-
CTPAHCTB.

TomoJsiorusi OTKPBITHIX MOKPBITHIA (0pen cover topology) Ha C MOIyUaeTCsT U3 TAKOH MPEITOIOIO0

run, vae {Y; EIN X}ier € K(X), ecm
1. Y; orkpwiTo B X.

2. f; — a10 ByIOXKEHUE Y; — X.

3. UY; = X.
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e Maurbrii caiit na X € Ob(C) — sro noxkareropusi Open(X) C Top, cuabrkeHHast TOIOJIOrUEd
OTKPBITBIX NOKPBITHIL.

e Boabmoii caiit — s1o Bce Open(X) ¢ Takoii Tornosorueii.

e Boubimoii caitT Has X — 3T0 Tomosiorust Ha KaTeropuu ctpesiok Y — X, riae Y — BCeBO3MOXKHBIE
00bexThI C.

Boubimas Tonosorust 3ajgaercs {Y; EiNS'e tier € K(X) ans ciopbekTuBHbIX crpesok [ [Y; 2 x

16.5 OrcryiieHne n3 KOMMYTATUBHOM aJaredopbl: JIOKAJIN3AIASA

Iommmoxkectso S C R KOMMYTaTHBHOTO KOJblIa R Ha3blBaeTcs MYJIbTHUILIMKATUBHBLIM, ecin 1 € S,
0¢SuxyesS g seex z,y € S.
Jlns MyJIbTHIIIKATHBHOTO IIOAMHOYXKECTBa S JIOKaJIm3anmeii HaspiBaeTca Kouslo S~ 'R BMmecre c

romoMopdusmom R EENFS 'R, Tak uTo
1. Fs(S) C (S7IR)*.
2. Mopdwusm Fg yuusepcasieH cpeju Bcex Mopdu3MoB R ER A, rakux uro f(S) C A*:

fs . g-1R
5
Ve

R

7
f =
~

A

VYrBepxkaeuune 16.2. Jlisa 6caro2o mysvmuniukamuenozo nodmnoocecmsa S C R cywecmeyem edun-
cmeentas ¢ mounocmuio 0o usomopdusma roxarusauus SR,

Joxasamenvcmeo. Pacemorpum napet (z,y) € R X S. BeejeM Ha HUX OTHOIIEHNE SKBUBAJIEHTHOCTH

(z,y) ~ (u,v) <= (zv—yu)w =0 myig HEKOTOPOro w € S.

Torna na SR := (
JIEHTHOCTH TIapel (2, y))

R x 8)/~ MOXKHO BBECTH YMHOXKEHUE U CJIOKEHUE (i 00603HATAET KJIACC IKBUBA-

Ty zy

v v wuv
x TV 4+ U
¢y, wvtuy
u v uv

HermocpeicrBeHHO IPOBEPSIETCs, YTO MOJIY YUIOCH KOPPEKTHOE OIIpeJieIeHIe KOMMYTATUBHOIO KOJIBIIA,
KOTOPOE U SIBJISIETCS JIOKAJIM3AINEd. O

[Iycrs s € R — we amibnorenT. OH TOPOXKIaeT MIABHYIO MYJIBTUILIMKATUBHYIO cUCTEMY S =
(s) ={1,s,s%, s3,...}. Jlokanusanus o6osnavaercss R[1] umn R, n HasbiBaeTcs IVIABHOI JIOKAIM3AIM-
eii.

[IpunMepbl JIOKAIN3AIME 3HAKOMbI BeeM 13 HavasbHoi mkomab: Q = (Z '\ {0}) ™1 Z — xombio parmo-
HAJIbHBIX YUCEJ U Z[%] — KOJIBIIO JIECATUIHBIX JTPOOeii.

CobcTBeHHbBIN neat Koyiblla M C R Ha3bIBaeTCT MAKCUMAJIBHBIM, €CJIM OH MaKCUMAJIEH 110 BKJIIO-
geHnIo. MHOXKECTBO MaKCHMAJILHBIX HIEAI0B 0003HadaeTcs 3a Specm(R).

CobcrBeHHbI neas Kojbla p C R Ha3bBaeTcss MPOCTBIM, eciu Uit ab € p Beerja BBITOJTHSAETCS
a € p wim b € p. MHOXKECTBO IIPOCTHIX UIEaJOB 0003HaUaeTcst 3a Spec(R).

Yupaxkuenue 16.1. o Ecau m — MAKCUMAAOHOIT UEAA, MO 0N ABAAEMCA NPOCTOIM.
e Nil(R) = [\ p, 2de Nil(R) — Huabpaduras, MHOICECMBO 6CEL HUABTOMEHIHYIL INEMEH-
peSpec(R)

mos (s" =0 das HEKOMOPO20 ).
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Kak Buamno, p npocroit iff R\ p — MymsrunimkarusHoe nmopmuoxkecTso. Jlokamsamas (R \ p) 1R

obozHavaeTCs 34, Rp.
Ecim MBI IIoCJIe 10BATEJIbHO JIOKAJIU3YyeM KOJIBIIO 1O PA3HBIM 3JIEMEHTAaM, TO PE3yJIbTaT HE 3aBUCUT OT

R, / R \ Ry
N\,

SR = lim R.
seS

DOopdaKa JIOKaJIU3AITUN.

16.6 Tomousioruss 3apucKoro

BcenomunM npumep u3 pasjesa I/le ONUCHIBAJIACH AHTUIKBUBAJIEHTHOCTD KATETOPUN ﬂﬁﬁlégk ad-
bunHBIX k-aarebp M KaTeropun ﬂﬁ[‘Vark adduHHBIX anrebpandecknx MHOrOOOpasuit Ha k (jis aare6-
pamdyecKu 3aMKHYTOro k). Mbl He nMeeM BO3MOXKHOCTH II0JPOGHO PA3BUTh ITOT CIOXKET, HO CKaXKeM, ITO
MOPAJIbHO, CYIIECTBYET JIBOCTBEHHOCTH

’ KOMMYTaTHUBHBIE KOJIbIIa ¢ 1 ‘ L4 ’ adUHHBIE CXEMBI ‘
R + X =Spec(R)
R—S + Y,—X

ITosToMy MBI TO3BOJIUM cebe He TOBOPUTD O CXEMAaX, a MPOCTO AYyMATh PO ABOMCTBEHHYIO KATETOPUIO
Ring".

Tonousorust 3apucckoro onpeznensercst {R —> Ry, }iz1,...m € Kzar(R), Tie 8; € R — He HUIbIO-
TeHTBl U S1 R+ -+ s, R=Rwm s1+---+ 5, = 1.

Sro npexronosorust ['porenuka na Kareropuu King" (nposepbre akcuoMsi!).

leomeTprdecku, CMBICT JIOKAJTUIAIMHN CJIEAYIONINI: €CJIM KOJbIy [ COOTBETCTBYET JIBOWCTBEHHBIH
obbekTr X = Spec(R), To sokasmsanuu R, coorsercrByer aBoiicTBeHHbIl 00bekT Us = Spec(R;) =
X \ V(s) — 10, 4TO HA3BIBAETCS IIIABHBIM OTKPBITHIM ITOAMHOXKECTBOM.

Ha xareropunm cxeM MOXKHO OIIPEIEIUTD €Ile MHOTO PA3HLIX TOIOJIOIUH — 3TaJbHYI TOIOJIOTHIO,
tononoruto Hucuesuua, fppf (fidélement plate de présentation finie), fpqc (fidélement plate quasi-
compacte), u 7. 1. OHU UIPAIOT PA3HYIO POJIb B PA3HBIX 3aJa9aX U HAYKAX.
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A CaoBapb

B KaTeI‘OpHOfI TEPMHUHOJIOTUN NHOT'/Ta BOSHUKAET IIyTaHUIla, IIO3TOMY BCE€ BO3MO2KHbIE CUHOHUMBI U II€pe-
BO/IbI TEDMHWHOB CO6paHbI B Ta6.HI/I‘IKy HH>Ke.

fibered product,

Cartesian square,
PacCI0eHHOE IPOU3BEeHNE,
JIEKApTOB KBaJIParT,
KOYHUBEPCAJIbHBINA KBaJIPaT

fibered coproduct,

cocartesian square,
amalgamated sum,
PacCI0EHHOE KOIIPOU3BE/IEHNE,
eKapTOB KOKBAJIparT,
KOJIEKAPTOB KBA/JIPAaT,
YHUBEPCAJIbHBINA KBaJIPAT

terminal object, . initial object, X
universally attracting object, ‘ universally repelling object, ‘
YHUB. IPUTATUBAIONIUN OO BEKT I3 YHUB. OTTAJKUBAKOIUN 00bEKT | 3!
v i
X .
product, ° coproduct, A B
IIpOU3BEICHUE : KOIIPOU3BEIEHUE \\ /
3!
\
AXxB AUB
pry pra !
| 3
N
A B °
pullback, pushout,

limit,
npezes

colimit,
KOIIPe/1eJI

HpOeKTI/IBHbII‘/JI IIpenest

VUHBEKTUBHBIN IIpenest

I3
Y
¢ c
> ‘
| 3
F(X] F(Y) .
_— > °
F(f)
inverse limit, ° direct limit,
projective limit, ‘ ingective limit,
m, o lim,
oOpaTHBIN Ipeied, X IpAMOM IIpesiert,
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